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Taming circularity



The RT rationale

Assume we have a (for simplicity, unary) predicate G defined by:

G (x) =Def ϕ(x ,G )

This definitions is circular in a straightforward sense, hence
illegitimate (i.e., it is not possible to give a ‘meaning’ – read:
classical extension – to the predicate G ).
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The RT rationale

The RT ‘recipe’ reads:

1. give G a tentative extension, say h := {a1, . . . , an, . . .}
2. revise h by ϕ(x ,G ) itself, namely

h 7→ h′ := {a | ϕ(a,G := h)}

3. fix a rule to single out regularities (i.e. recurring
elements/hypotheses), obtained by iterating 1-2.
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The RT rationale

To illustrate:

Let ϕ(x ,G ) be

[x = a ∨ (x = b ∧ ¬G (x))]

The revision step then gives

Input Output
∅ ⇒ {a, b}
{a, b} ⇒ {a}
{a} ⇒ {a, b}
{b} ⇒ {a}

...
...

...

I Limit
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The limit rule and why we need it

Let instead G be T , and our definition be

T (x) := (x = ps = tq ∧ val(s) = val(t)) ∨
∨ (x = pT (s)q ∧ T (pT (s)q)) ∨
∨ (x = p¬ϕq ∧ ¬T (pϕq)) ∨

. . .

ϕ(x ,T )

Namely: let ϕ(x ,T ) be the arithmetical formula defining a
Tarskian truth predicate.



The limit rule and why we need it

Furthermore, let F be the set:

F := {ϕ0, ϕ1, . . . , ϕn, . . .}

with:

ϕ0 := >
ϕn+1 := Tϕn



The limit rule and why we need it

Assume that the revision process is made out of successive step,
everyone using the previous output as input, starting from h0 = ∅.

Then, the calculation of the extension of the truth predicate yields:

Input Output
∅ ⇒ {ϕ0}
{ϕ0} ⇒ {ϕ0, ϕ1}
{ϕ0, ϕ1} ⇒ {ϕ0, ϕ1, ϕ2}
{ϕ0, ϕ1, ϕ2} ⇒ {ϕ0, ϕ1, ϕ2, ϕ3}

...
...

...

PROBLEM: cannot conclude F ⊆ T by finitary means.
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‘Alternative’ views

Herzberger’s
(the ‘pure’ theory)

∅

hyperarithmetic

liminf

Gupta’s
(the ‘corrected’ th.)

Z ⊆ N

=

liminf ∪ h0

Belnap’s
(the ‘maximal’ th.)

Z ⊆ N

=

{X |X coherent†}

†X ⊆ N s. t., for λ limit

h+
<λ ⊆ X X ∩ h−<λ = ∅

with h
+/−
<λ sets of positive/negative stable elements (below λ).
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QID’s ‘mining’



The mathematics behind

Let Γ : P(N)→ P(N) operator whatsoever.

A quasi–inductive
sequence 〈Γα | α ∈ ON〉 of subsets of N is defined by

QID

Γ0 = ∅
Γα+1 = Γ(Γα)

λ limit, Γλ = lim infβ→λ Γβ =
= {x | ∃α < λ∀β < λ(α ≤ β → x ∈ Γβ}

with (Γ+
∞, Γ

−
∞)

Γ+
∞ := {x | ∃α∀β(α ≤ β → x ∈ Γβ)}

Γ−∞ := {x | ∃α∀β(α ≤ β → x 6∈ Γβ)}

the stability pair of it
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Properties

By cardinality arguments, one proves:

I (STABILIZATION) For every ordinal α < ω1, there exists a
limit ordinal α < λ < ω1 such that
Γλ ≡ Γ+

∞
Γ−λ := {x ∈ N | ∃α < λ∀β < λ(α ≤ β → x 6∈ hβ(X ))} ≡ Γ−∞

I (PERIODICITY) Let σ0 be the least ordinal stabilizing the
sequence. Then there is a unique ordinal 0 < p(σ0) < ω1 such
that:

(i) for every γ ∈ ON, Γσ0 ≡ Γσ0+p(σ0)γ

(ii) for every α > σ0, ∃ν < p(σ0) such that
Γα ≡ Γσ0+ν
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Axioms and (some) results



A family of theories for QID’s

For LAr the language of Peano Arithmetic, L0 is the one extending
its alphabeth by

I a second sort of individual variables α, β, . . . for ordinal
numbers;

I individual constants 0Ω, ω;

I symbols for functions succΩ,+Ω,×Ω on the ordinals;

I a predicate constant <Ω for the ordering.
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Language: terms and formulas

I the collection TERMN
0 of arithmetical terms is defined as

usual;

I the collection TERMΩ
0 is the least containing 0Ω, ω and ind.

var. of the second sort, and which is closed under the given
ordinal functions;

I the collection FORM0 contains atomic formulas
n = m, α = β, α < β (with n,m ∈ TERMN

0 , α, β ∈ TERMΩ
0 ),

and is closed under boolean logical operations and
quantification on both sorts of variables.
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Language: operator forms

I for L = LAr ∪ {X 1} (X fresh unary predicate variable), an
operator form is a formula A(x ,X ) with displayed
free–variables;

I we obtain our language L(K) by adding to L0 constant
predicate symbols HA for every operator form A(x ,X ) in L
above, with logical complexity K (K = ∆n,Πn,Σn, n ∈ N);

I the notion of ‘formula’ for the expanded language must be
re–defined so to comprise atoms HA(n, α) (abbrev. n ∈ HαA)
with n ∈ TERMN and α ∈ TERMΩ.
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Language: conventions

Let:

(HαA ≡ H
β
A) :≡ ∀x(x ∈ HαA ↔ x ∈ HβA)

x ∈ H+∞
A :≡ ∃β∀δ(β ≤ δ → x ∈ HδA)

x ∈ H−∞A :≡ ∃β∀δ(β ≤ δ → x 6∈ HδA)

x ∈ H+λ
A :≡ (∃β < λ)(∀δ < λ)(β ≤ δ → x ∈ HδA)

x ∈ H−λA :≡ (∃β < λ)(∀δ < λ)(β ≤ δ → x 6∈ HδA)



Axioms

For a fixed K = ∆n,Πn,Σn, the axioms of QID(K) amount at:

I axioms of first–order predicate classical logic with equality

I the axioms of arithmetic (with CI included)

I standard assumptions on the ordering <, on ordinal individual
constants, the defining equations of the stock of primitive
ordinal functions as well as axioms on their basic properties
(monotonicity, inverses), plus a schema of transfinite induction

I Details

I QID
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Ordinal axioms: details

(Ω.1) ∀αβ(α = β ∨ α < β ∨ β ∨ α)

(Ω.2) ∀α(¬α < α)

(Ω.3) ∀αβγ(α < β ∧ β < γ → α < γ)

(Ω.4) ∀α(0Ω ≤ α) [where α ≤ β := (α < β ∨ α = β)]

(Ω.5) ∀α(α < α′) [with α′ = succΩ(α)]

(Ω.6) ∀αβ(α < β → α′ ≤ β)

(Ω.7) 0Ω < ω ∧ ∀α < ω(α′ < ω)

(Ω.8) ∀λ(Lim(λ)→ ω ≤ λ)

[where Lim(α) := (0 < α ∧ ∀β < α(β′ < α))]



Ordinal axioms: details

(Ω.9) ∀α(α + 0Ω = α)

(Ω.10) ∀αβ(α + β′ = (α + β)′)

(Ω.11) ∀αβγ(α < β → γ + α < γ + β)

(Ω.12) ∀αβγ(α ≤ β → α + γ ≤ β + γ)

(Ω.13) ∀α(α0Ω = 0Ωα = 0Ω)

(Ω.14) ∀αβ(αβ′ = αβ + α)

(Ω.15) ∀αβγ(0Ω < γ ∧ α < β → γα < γβ)

(Ω.16) ∀αβγ(α ≤ β → αγ ≤ βγ)

(Ω.17) ∀αβ(α < β → ∃γ ≤ β(α + γ = β))

(Ω.18) ∀αβ(0Ω < β → ∃γ ≤ α∃δ < β(α = βγ + δ))



Ordinal axioms: details

(L(K)− IN) A(0) ∧ ∀x(A(x)→ A(x ′))→ ∀xA(x)

(L(K)− IΩ) ∀α((∀β < α)A(β)→ A(α))→ ∀αA(α)
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Axioms: QID

(QID.1) x ∈ H0Ω

A → x 6= x

(QID.2) x ∈ Hα+1
A ↔ A(x ,Hα

A)

(QID.3) Lim(λ)→ [x ∈ Hλ
A↔(∃α<λ)(∀β<λ)(α ≤ β→x ∈ HA

β)]

(QID.4) ∀α∃λ(Lim(λ) ∧ α < λ ∧ (H+λ
A ≡ H+∞

A ) ∧ (H−λ
A ≡ H−∞A ))
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Results (I): periodicity

PROPOSITION

Let σ be any ordinal stabilizing the quasi–inductive definition
generated by a K–operator form A(x ,X ). Then QID(K) proves
that there exists a unique ordinal p(σ) > 0, the period of σ, such
that:

(i) for every ordinal γ, HσA ≡ H
σ+p(σ)γ
A

(ii) for every ordinal α > σ there exists an ordinal
ν < p(σ) such that HαA ≡ H

σ+ν
A

PROOF:

standard �
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ν < p(σ) such that HαA ≡ H

σ+ν
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Results (II): lower bound

Theories for first-order nonmonotone inductive definitions FID(K)
are defined in a similar manner as our QID(K) (with relations
PαA(n) for an operator form A(x ,X ) whatsoever), except that the
operator axioms are

FID(K)

(OP.1) PαA(s)↔ P<αA (s) ∨ A(s,P<αA )
(OP.2) A(s,P∞A )→ P∞A (s)

[where P<αA (s) := (∃β < α)PβA(s), and P∞A (s) := ∃βPβA(s)]
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Results (II): lower bound

PROPOSITION

For every formula A of LK
FID we have:

`FID(K) A⇒ `QID(K) A′

PROOF STRATEGY:

Step 1I A(x ,X )
w.l.g7−→ B(x ,X ) := (X (x) ∨ A(x ,X ))

Step 2I Verify axioms (OP.1-2) for levels Hα/+∞
B and

inflationary B(x ,X )’s (using inclusivity: C (s)→ B(s,C )
and stability)

Step 3I Define the embedding in the expected manner, namely with
PαA 7−→ HαB



Results (II): lower bound

PROPOSITION

For every formula A of LK
FID we have:

`FID(K) A⇒ `QID(K) A′

PROOF STRATEGY:

Step 1I A(x ,X )
w.l.g7−→ B(x ,X ) := (X (x) ∨ A(x ,X ))

Step 2I Verify axioms (OP.1-2) for levels Hα/+∞
B and

inflationary B(x ,X )’s (using inclusivity: C (s)→ B(s,C )
and stability)

Step 3I Define the embedding in the expected manner, namely with
PαA 7−→ HαB



Results (II): lower bound

PROPOSITION

For every formula A of LK
FID we have:

`FID(K) A⇒ `QID(K) A′

PROOF STRATEGY:

Step 1I A(x ,X )
w.l.g7−→ B(x ,X ) := (X (x) ∨ A(x ,X ))

Step 2I Verify axioms (OP.1-2) for levels Hα/+∞
B and

inflationary B(x ,X )’s (using inclusivity: C (s)→ B(s,C )
and stability)

Step 3I Define the embedding in the expected manner, namely with
PαA 7−→ HαB



Results (II): lower bound

PROPOSITION

For every formula A of LK
FID we have:

`FID(K) A⇒ `QID(K) A′

PROOF STRATEGY:

Step 1I A(x ,X )
w.l.g7−→ B(x ,X ) := (X (x) ∨ A(x ,X ))

Step 2I Verify axioms (OP.1-2) for levels Hα/+∞
B and

inflationary B(x ,X )’s (using inclusivity: C (s)→ B(s,C )
and stability)

Step 3I Define the embedding in the expected manner, namely with
PαA 7−→ HαB



Results (II): lower bound

PROPOSITION

For every formula A of LK
FID we have:

`FID(K) A⇒ `QID(K) A′

PROOF STRATEGY:

Step 1I A(x ,X )
w.l.g7−→ B(x ,X ) := (X (x) ∨ A(x ,X ))

Step 2I Verify axioms (OP.1-2) for levels Hα/+∞
B and

inflationary B(x ,X )’s (using inclusivity: C (s)→ B(s,C )
and stability)

Step 3I Define the embedding in the expected manner, namely with
PαA 7−→ HαB



Results (III): upper bound

GOAL

What is the theory T extending KP needed to prove the
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Results (III): upper bound

FIRST: use recursion.

QHA(α, f ) :=


Fun(f ) ∧ dom(f ) = α∧
∧(∀β < α)[(β = 0 ∧ f (β) = 0)∨
∨(∃γ < α)(β = γ + 1∧f (β)={z ∈ N |AN(z , f (γ))})∨
∨(Lim(β) ∧ f (β) =

⋃
γ<β

⋂
γ≤δ<β f (δ))]

x ∈ Hα
A := ∃f [QHA(α + 1, f ) ∧ x ∈ f (α)]

x ∈ H−αA := (∃β < α)(γ < α)(β ≤ γ → x 6∈ Hγ
A)

x ∈ H+∞
A := ∃β∀γ(β ≤ γ → x ∈ Hγ

A)

x ∈ H−∞A := ∃β∀γ(β ≤ γ → x 6∈ Hγ
A)
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Results (III): upper bound

Lemma

For all operator forms A(x ,X ), KP proves:

1. ∀α∃f QHA(α, f ).

2. QHA(α, f ) ∧ β < α→ QHA(β, f )

3. QHA(α, f ) ∧ QHA(β, g) ∧ α ≤ β → (∀γ < α)(f (γ) = g(γ))

4. QHA(α, f ) ∧ α < β → ∃!g(QHA(β, g))

5. n ∈ N→ (n ∈ Hα+1
A ↔ AN(n,Hα

A))

6. n ∈ N ∧ Lim(λ)→ (n ∈ Hλ
A ↔ (∃α < λ)(∀β < λ)(α ≤ β →

n ∈ Hβ
A))
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SECOND: use collection.

Apply it to

(∀x ∈ N)[∃β∀γ(β ≤ γ → ∃f (QHA(γ + 1, f ) ∧ x ∈ f (γ)))→
→ ∃!ν(∀δ(ν ≤ δ → ∃g(QHA(δ + 1) ∧ x ∈ g(δ)))∧
∧∀ξ(∀µ(ξ ≤ µ→ ∃h(QHA(µ+ 1, h) ∧ x ∈ h(µ))→

→ ν ≤ ξ)))]
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SECOND: use collection.

Apply it to

(∀x ∈ N)(x ∈ H+∞
A → ∃!µ(µ = min ξ.∀η(ξ ≤ η → x ∈ Hη

A)))
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SECOND: use collection.

Once the same is done for H−∞A , it is easy to find an ordinal δ
such that we have

Lemma (Covering)

In KP+(Σ3–COLL) it is provable that, for every ordinal α, there
exists a limit ordinal δ such that H+∞

A ⊆ Hδ
A, H−∞A ⊆ H−δA ,

Hδ
A ∩ H−∞A = ∅ and H−δA ∩ H+∞

A = ∅.

[Notice that ordinals δ’s given by covering are almost good]
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THIRD: use (collection again, and) separation.

Take elements x ∈ N that are unstable relatively to an ordinal δ
given by covering. That is, elements fulfilling

Uδ(x) := ∃β(δ ≤ β ∧ x ∈ Hβ
A) ∧ ∃γ(δ ≤ γ ∧ x 6∈ Hγ

A)

Take the function enumerating them given by

F (0) := minN z ∈ N.Uδ(z)

F (α) :=

{
minN z ∈ N.Uδ(z) ∧ (∀β < α)(F (β) < z), if it exists
F (0), otherwise
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F is readily seen to be such that, for an ordinal α satisfying

Lim+(α) := 0 < α ∧ (∀β < α)(∃γ < α)(β < γ ∧ Lim(γ))

it holds

(∀x ∈ N)(Uδ(x)→ (∀β < α)(∃γ < α)(F (β) = x → F (γ) = x∧β < γ))
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THIRD: use (collection again, and) separation.

Take elements x ∈ N that are unstable relatively to an ordinal δ
given by covering. That is, elements fulfilling

Uδ(x) := ∃β(δ ≤ β ∧ x ∈ Hβ
A) ∧ ∃γ(δ ≤ γ ∧ x 6∈ Hγ

A)

Take the function enumerating them given by

F (0) := minN z ∈ N.Uδ(z)

F (α) :=

{
minN z ∈ N.Uδ(z) ∧ (∀β < α)(F (β) < z), if it exists
F (0), otherwise

Use (for the 1st time) (∆3–SEP) (and (Π3–COLL)) in order to prove
that F always yields a value (standard argument).
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THIRD: use (collection again, and) separation.

Take λ = dom(F ), with Lim+(λ).

Use F in order to define, below λ, another function G by

G (0) = δ

G (α + 1) =

{
minµ.G (α) < µ ∧ F (α) ∈ Hµ

A, if F (α) 6∈ H
G(α)
A

minµ.G (α) < µ ∧ F (α) 6∈ Hµ
A, otherwise

G (ξ) = minµ. sup({G (β) | β < ξ}) < µ, ξ limit and ξ < λ
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THIRD: use (collection again, and) separation.

Take λ = dom(F ), with Lim+(λ).
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A, otherwise

G (ξ) = minµ. sup({G (β) | β < ξ}) < µ, ξ limit and ξ < λ

Use (∆3–SEP) and (Π3–COLL) as before plus properties of λ and
F , in order to prove that the definition ‘works’.
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THIRD: use (collection again, and) separation.

Hence, since an ordinal as such can be found by collection,
separation and foundation, we have in fact proved that

Theorem (Stabilization)

In T= KP ∪ {(∆3 − SEP), (Π3 − COLL)} it is provable that, for
every arithmetical operator form A(x ,X ),
∀α∃λ(α < λ ∧ Hλ

A ≡ H+∞
A ∧ H−λA ≡ H−∞A ).
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Another bound

Another way to provide an interpretation for the theory QID(Π∞)
of arithmetical quasi–inductive definitions is to use an assumption
on elementary substructures of the universe of all sets.

Namely, put:

x ≺n V :≡ Ord(x) ∧ ∀z1, ..., zk ∈ x(ϕ(z1, ..., zk)↔ ϕ(x)(z1, ..., zk))

for every Σn–formula ϕ(x1, ..., xk) with displayed free variables.
Then, assume

(Σ3 − SUB) ∀y∃x(y ∈ x ∧ x ≺3 V )
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CAN WE RECOVER THE PHILOSOPHY BEHIND?

I Short
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A remark on truth

I FS is the truth theory by Friedman and Sheard whose axioms
and rules are

I axioms of PA with full induction in the language LPA ∪ {T}
I axioms for T commuting with logical connectives and

quantifiers
I rules

ϕ
Tϕ

Tϕ
ϕ

I by a result of Halbach’s, FS gets a model via the
revision–theoretic machinery

I this model construction can be made explicit by means of our
theories



A remark on truth

I FS is the truth theory by Friedman and Sheard whose axioms
and rules are

I axioms of PA with full induction in the language LPA ∪ {T}
I axioms for T commuting with logical connectives and

quantifiers
I rules

ϕ
Tϕ

Tϕ
ϕ

I by a result of Halbach’s, FS gets a model via the
revision–theoretic machinery

I this model construction can be made explicit by means of our
theories



A remark on truth

I FS is the truth theory by Friedman and Sheard whose axioms
and rules are

I axioms of PA with full induction in the language LPA ∪ {T}
I axioms for T commuting with logical connectives and

quantifiers
I rules

ϕ
Tϕ

Tϕ
ϕ

I by a result of Halbach’s, FS gets a model via the
revision–theoretic machinery

I this model construction can be made explicit by means of our
theories



A remark on truth

I FS is the truth theory by Friedman and Sheard whose axioms
and rules are

I axioms of PA with full induction in the language LPA ∪ {T}
I axioms for T commuting with logical connectives and

quantifiers
I rules

ϕ
Tϕ

Tϕ
ϕ

I by a result of Halbach’s, FS gets a model via the
revision–theoretic machinery

I this model construction can be made explicit by means of our
theories



A remark on truth

REMARK 1: FS is not a theory for revision–theoretic truth.

REMARK 2: no such a theory (first–order predicate, over
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