
SUBMITTED TO: Archive for Mathematical Logic

A solution to Curry and Hindley’s problem on combinatory
strong reduction

Pierluigi Minari

Abstract It has often been remarked that the metatheory of strong reduction�, the
combinatory analogue ofβη-reduction�βη in λ -calculus, is rather complicated. In
particular, although the confluence of� is an easy consequence of�βη being conflu-
ent, no direct proof of this fact is known. Curry and Hindley’s problem, dating back to
1958, asks for a self-contained proof of CR(�), one which makesno detourthrough
λ -calculus. We answer positively to this question, by extending and exploiting the
technique oftransitivity eliminationfor ‘analytic’ combinatory proof systems, which
has been introduced in previous papers of ours. Indeed, a very short proof of CR(�)
immediately follows from the main result of the present paper, namely that a certain
analytic proof systemGe[C], which is equivalent to the standard proof systemCLext
of Combinatory Logicwith extensionality, admits effective transitivity elimination.
In turn, the proof of transitivity elimination — which, by the way, we are able to pro-
vide not only forGe[C] but also, in full generality, for arbitrary analytic combinatory
systems with extensionality — employs purely proof-theoretical techniques, and is
entirely contained within the theory of combinators.

Keywords Combinatory logic· extensionality· strong combinatory reduction·
elimination of transitivity.
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1 Introduction

Combinatory strong reduction� (also calledβη-strong reductionin [9]) is introduced
in Curry and Feys’s [2], sect. 6 F, as the combinatory analogue ofβη-reduction in
λ -calculus. In other words,strongreduction� is the appropriate reduction for theex-
tensionaltheory of equality in Combinatory Logic,CLext, just asweakreduction�w
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2 Pierluigi Minari

is the appropriate reduction for thenon extensionaltheory of equality in Combinatory
Logic, CL . That is:

CLext ` t = s iff t goes tos by a finite series of�- and reversed�-reductions.

Strong reduction is defined by the usual rules that generate weak reduction�w, i.e.
(changing�w into �)

t � t ρ
Kts� t K

Stsr� tr(sr) S

t �s
rt � rs µ

t �s
tr �sr ν

t �s s� r
t � r τ ,

and the additionalrule
s� r

λ∗x.s�λ∗x.r ξ ,

where functional abstractionλ∗x.t is defined according to the so calledstrongalgo-
rithm (havingλ∗x.tx := t, if x doesn’t occur int; see sect. 4).

Actually, when dealing with strong reduction, it is preferable to takeI as aprim-
itive combinator besidesK andS (addingI t � t to the above rules, andIt = t to the
axiom schemas ofCLext), instead of having it defined asI := SKK, as is usually
done. The motivation (see [2],§ 6 F.1) is that otherwise it would follow, by the fact
thatSK�KI does hold, that

I≡ SKK�KIK�K(KIK)K� . . . ,

and so we would have a combinatory term in strong normal form (λ∗x.x ≡ SKK)
which is not strongly irreducible1. As soon as the variant withI as a primitive com-
binator is adopted, it holds that strongly irreducible terms are in strong normal form
(Normal Form Theorem, first proved by Curry [2]; a shorter proof is due to Hindley
and Lercher [7]), and conversely (Converse Normal Form Theorem, Lercher [10]).

Notwithstanding its reputation of being quite messy, much is known about the
metatheory of strong reduction, see. e.g. [2] (sect. 6 F), [3] (sect. 11 E), [8] (Ch. 7),
[9] (Ch. 8), [18] (§ 3.8), [1] (§ 7.2). In particular, it is known that� has theChurch-
Rosser property([2], sect. 6 F, Theorem 3) and that there is a (necessarily) infinite
set of axiom schemes axiomatizing� over�w , which is recursive (Hindley [4], resp.
Lercher [11]).

Let us now concentrate on CR(�). Curry’s proof of this result is extremely simple
(see Remark 4.3), butit is not direct, being inferred from the corresponding result for
λβη-reduction. Hence the problem

“c. Is it possible to prove the Church-Rosser property directly for strong re-
duction, without having recourse to transformations between that theory and
the theory ofλ -conversion? . . . ”

1 A combinatory termt is strongly irreducibleiff t � s implies t ≡ s, for everys. The classSNSof
combinatory termsin strong normal formis defined inductively:t ∈ SNSiff t ≡ λ∗x.s for somes∈ SNF,
or t ≡ xt1 . . . tn for some variablex andt1, . . . , tn ∈ SNF, with n≥ 0.
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listed under the heading “Unsolved problems” in§ 6 F.5 of [2].
A solution was advanced by Loewen in 1968 (cf. [12], [13], [14]); unfortunately,

his proof seems to contain an error — as observed in Hindley’s review [5] (cf. also
[3], § 11 E.8). Actually, the problem is considered as stillopen, and as such it has
been quite recently reproposed by Hindley [6]:

“Problem # 1
Date:Known since 1958!
Statement.Is there a direct proof of the confluence ofβη-strong reduction?
Problem Origin. First posed by Haskell Curry and Roger Hindley.
Theβη-strong reduction is the combinatory analogue ofβη-reduction inλ -
calculus. It is confluent. Its only known confluence-proof is very easy . . . but
it depends on the having already proved the confluence ofβη-reduction. Thus
the theory of combinators is not self-contained at present. Is there a conflu-
ence proof independent ofλ -calculus? ”

In the present paper, we intend to provide such a confluence proof, thus avoiding
the unwanted“metabasis eis allo genos”.

To this aim, we exploit the notion ofanalytical derivationintroduced in [15], [16]
and [17] for untyped equational theories of operations related to, and including, Com-
binatory LogicCL and Lambda-calculus. In particular, in the mentioned papers we
introduced new equational proof systems which are equivalent to the standard ‘syn-
thetic’ calculi forCL , λβ andλβη , and which turn out to be ‘analytic’ due to a main
result showing (constructively) thatthe transitivity rule for equality (τ) is eliminable.
As a consequence, a kind of ‘subterm property’ analogous to the subformula property
in first-order sequent calculi admitting cut elimination does hold for transitivity-free
derivations. Indeed, analytic derivations exhibit nice structural properties which can
be exploited to get a non trivial streamlining of the proof-theory of the corresponding
equational theories, whose consistency is now an immediate corollary of the above
mentionedsubterm property. In turn, we get applications to the theories of combina-
tory weakreduction�w as well as ofλβ - andλβη-reduction, by providing a unified
framework in which new very short demonstrations of known central results like con-
fluency, standardization, leftmost reduction strategy etc. can be given.

The transition from synthetic to analytic combinatory proof systems is essentially
determined by the transformation of the combinatory axiom schemas, e.g.

Stsr = tr(sr) [AX F],

into a pair ofleft andright combinatoryintroductionrules, in this case

tr(sr)p1 . . . pn = q
Stsrp1 . . . pn = q Sl and

q = tr(sr)p1 . . . pn

q = Stsrp1 . . . pn
Sr ,

additionally allowing a possibly empty listp1 . . . pn of “side terms”.
As symmetry is built in the combinatory introduction rules, thesymmetry rulefor
equality[σ ] is dropped in combinatory analytic proof systems, whose equality rules
thus only comprisereflexivity restricted to atomic terms[ρ ′], transitivity [τ] and
monotony, the latter in the parallel formulation

t = s p= q
t p = sq App
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replacing[µ] and[ν ].
So, as far asCLext is concerned (and takingI,K,S as primitive combinators), the

corresponding analytic proof systemGe[C] features the “structural” rules[ρ ′], [App], [τ]
and the combinatory introduction rules[Il ], [Ir ], [Kl ], [Kr ], [Sl ], [Sr ]. In addition, there
is theextensionalityrule [Ext]2:

tx = sx
t = s Ext (with x not occurring in t,s).

An equivalent systemGξ [C] is clearly obtained by replacing[Ext] by the rule[ξ ] :

t = s
λ∗x.t = λ∗x.s ξ .

However, our choice of taking[Ext] as the primitive extensionality rule is, in a sense,
essential. First of all, because[ξ ] can obviously not be generalized to arbitrary combi-
natory systemsX, see below. Second, and more important, because[ξ ] is much more
cumbersome than[Ext], and doesn’t easily lend itself to proof-theoretical analysis.
To wit, as a consequence ofGe[C] enjoying transitivity elimination (Theorem 3.4.2)
we now know that alsoGξ [C] enjoys this fundamental property (see Remark 3.4.3);
however, we wonder whether and how a direct proof of this fact might be given.

The analytic proof systemGe[C], as well as the combinatory analytic proof sys-
temswith extensionalityGe[X] based on anarbitrary selectionX of primitive com-
binators, were conjectured in [15] to admit transitivity elimination. The core of the
present paper is devoted to solve this conjecture in the affirmative, by using purely
proof-theoretical methods and without making anydetourthroughλ -calculus. Once
this task is accomplished, a direct confluence-proof of strong reduction� is just an al-
most trivial corollary: we simply have to exploit the virtues of transitivity-free deriva-
tions, in particular the fact that from any givenτ-free derivation oft = s in Ge[C] we
can effectively extract a termr such thatt � r �s.

The paper is organized as follows. Section 2 provides the necessary background
from [15] and [17] about generalcombinatory systemsX as well as synthetic and
analytic combinatory proof systems (without and with extensionality)3. Section 3 is
entirely devoted to the demanding proof of transitivity elimination forGe[X] systems,
with § 3.1 providing a sort of guided tour. Finally, section 4 presents the solution of
Curry and Hindley’s problem.

2 Analytic Combinatory Proof-systems

2.1 Combinatory terms and combinatory systems

Let X be a non-empty, possibly countably infinite set of individual constants, called
primitive combinators. By TX we denote the set of all(combinatory) termsbuilt over

2 Curry calls itζ -rule, cf. also [8]. We follow instead Barendregt’s [1] usage of[Ext].
3 Apart from minor departures, we follow the terminology and the notations of [15] and [17].
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X and the countably infinite setV = {v1,v2, . . .} of individual variables according to
the grammar:

TX = X |V |(TXTX) .

An atom, oratomicterm, is an individual variable or a primitive combinator; all other
terms are calledapplicationterms.

As metavariables we use, possibly with sub- or superscripts, the letters:

– F,G for primitive combinators,
– x,y,z for individual variables,
– p,q, r,s, t (occasionallyd, see below) for terms,
– p,q for (possibly empty) finite lists of terms.

The symbol≡ denotes syntactic identity between terms, which are written ac-
cording to standard conventions, like association to the left. In particular, given a list
p ≡ p1, . . . , pn with n≥ 0,

t p ≡
{

t, if n = 0 (i.e., if p is the empty list),
(. . .((t p1)p2) . . . pn), if n > 0.

Further notational conventions and abbreviations include:

– V(t) := the set of all variables occurring in the termt;
– Tn

X := the set of all termst such thatV(t) ⊆ {v1, . . . ,vn} (the set of all closed
terms, ifn = 0);

– t[x1/s1, . . . ,xn/sn] := the term resulting fromt by simultaneous substitution ofsi

for xi (1≤ i ≤ n);
– t[s1, . . . ,sn] := t[v1/s1, . . . ,vn/sn];
– ‖t‖ := thedepthof t, that is the maximum length of a branch in the formation tree

of t, minus 1;
– p∼ q := the listsp andq have the same length.

Later we shall also make use ofX-contexts, that is termswith some holes∗ in
them:

HX = ∗|X |V |(HXHX) .

We will use the lettersΦ ,Ψ ,Θ (possibly with decorations) as metavariables for ele-
ments ofHX . Given a contextΦ and an expressionE (a termt or a contextΨ ), Φ [[E]]
shall denote the expression obtained fromΦ by filling the holes, i.e. replacing all the
occurrences of∗ , with E. Clearly,

Φ [[E]] ∈
{

HX , if E ∈ HX ;
TX , if E ∈ TX .

Definition 2.1.1 By acombinatory systemX we mean a map, defined on a non-empty
set X = dom(X) of primitive combinators, which associates to eachF ∈ X a pair
〈kF,dF〉 s.t.:

– kF, theindexof F underX, is a non negative integer;
– dF, thedefinitionof F underX, is aTkF

X -term, i.e.V(dF)⊆
{

v1, . . . ,vkF

}
.
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Terms of the formFt1 . . . tkF
are calledX-redexes. The X-contractumof the redex

Ft1 . . . tkF
is the termdF[t1, . . . , tkF

].

Notice that the casekF = 0 is admitted, and that a primitive combinatorF may well
occur in its own definitiondF, possibly together with other primitive combinators. A
combinatory systemX is said to belinear (pure) whenever, for everyF ∈ X, dF con-
tains at most one occurrence of each ofv1, . . .vkF

(resp., wheneverdF is a combination
of variables)4.

Definition 2.1.2 Given a combinatory systemX and a primitive combinatorF ∈ X,
let:

– [AX F]X be the equation schema (relatively toTX):

Ft1 . . . tkF
= dF[t1, . . . , tkF

].

– [Fl ]X and[Fr ]X be the “combinatory” inference rules

dF[t1, . . . , tkF
]p = s

Ft1 . . . tkF
p = s

[Fl ]X and
s= dF[t1, . . . , tkF

]p
s= Ft1 . . . tkF

p
[Fr ]X ,

calledleft, resp.right F-introducton.
The termsp (if any) are said to be theside termsof these inferences.

2.2 Synthetic and analytic combinatory proof systems

To each combinatory systemX we now associate the ‘standard’syntheticproof sys-
tems without / with extensionality (C[X], resp.Ce[X]) as well as correspondingana-
lytic proof systems without / with extensionality (G[X], resp.Ge[X]).

Definition 2.2.1 C[X] is the equational proof system determined by:

– Axiom schemas:[AX F]X, for eachF ∈ X;
– Inference rules:reflexivity[ρ], symmetry[σ ], transitivity [τ], andmonotony[µ],

[ν ], i.e.

t = t ρ ,
t = s
s= t σ ,

t = s s= r
t = r τ ,

t = s
rt = rs µ ,

t = s
tr = sr ν .

Definition 2.2.2 G[X] is the equational proof system determined by:

– “Combinatory” inference rules:[Fl ]X and[Fr ]X, for eachF ∈ X;
– “Structural” inference rules:reflexivityrestricted to atomic terms[ρ ′], transitivity

[τ] andparallel application[App]:

t1 = s1 t2 = s2

t1t2 = s1s2
App

4 Curry’s terminology (cf. [2], sect. 5 C ff.) has ‘proper’ for ‘pure’, and ‘not having a duplicative effect’
for ‘linear’.
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Notice that[σ ] is not a primitive rule ofG[X].

Definition 2.2.3 Ce[X] andGe[X] are the systems obtained fromC[X], respectively
G[X], by adding the extensionality rule[Ext]:

tx = sx
t = s Ext where x/∈V(ts).

The variablex is called theeigenvariableof the inference.

Example 2.2.4For instance,CL andCLext (variant with primitiveI) coincide with
C[C], resp.Ce[C], whereC is the non linear combinatory system, defined over
{I,K,S}, such that:

C(I) = 〈1,v1〉, C(K) = 〈2,v1〉 and C(S) = 〈3,v1v3(v2v3)〉.

On the other side,G[C] andGe[C] coincide with the analytic versions ofCL and
CLext described in the Introduction.

By G(e)[X] andC(e)[X] we shall refer indifferently toG[X] andGe[X], resp.C[X] and
Ce[X]. Further, we let

G−
(e)[X] := the systemG(e)[X] minus the transitivity rule[τ].

For an arbitrary combinatory systemX, the following are easily verified (cf. [15]):

Proposition 2.2.5 Analytic proof systemsG(e)[X] andG−
(e)[X] are closed under rule

[σ ].

Proposition 2.2.6 (Equivalence)For t,s∈ TX : `G(e)[X] t = s ⇔ `C(e)[X] t = s.

Proposition 2.2.7 (τ-free consistency)If x and y are distinct variables, then0G−
(e)[X]

x = y. HenceG−
(e)[X] is consistent.

As far as transitivity elimination is concerned, the main result of [15] is:

Proposition 2.2.8

1. For every combinatory systemX, G[X] admits (effective)5 τ-elimination.
2. For everylinearcombinatory systemX, Ge[X] admits (effective)τ-elimination.

Section 3 is devoted to show that thelinearity restriction in Proposition 2.2.8 (2)
can indeed be removed. Thus, henceforth we will exclusively deal withextensional
analytic proof systems.

5 That is, effective provided the mapX is effective.
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2.3 Further preliminaries

Before starting the hard work, we collect here some notions, notations and auxiliary
lemmas which will be needed in the rest of the paper, and are valid for any analytic
extensional proof systemGe[X].

Ge[X]-derivations, or simplyderivations(denoted byD,E, . . . ), are finite binary
trees which are locally correct w.r. to the inference rules[ρ ′], [App], [τ], [Fl ], [Fr ] (for
eachF ∈ X) of Definition 2.2.2 and the extensionality rule[Ext] of 2.2.3. Of course,
we treat[ρ ′] as a 0-premises rule by convenience. We write

D ` t = s and D −̀ t = s

to mean thatD is a derivation, resp. atransitivity freederivation, of the equationt = s.
Further, we conveniently indicate the final inference of a derivationD by end(D).

A derivationD is said to be aleft (right) derivation provided that noright (left)
combinatory inference occurs inD. We usually writeD `L t = s (D `R t = s) to
mean thatD is a left (right) derivation oft = s, and we write accordinglyD −̀

L t = s
(D −̀

R t = s) in caseD is τ-free. Of a mapD 7→ D′ transforming derivations into
derivations we say that it preservesorientationwheneverD′ is a right (left) derivation
providedD is a right (left) derivation.

DerivationsD will be measured according tosizes(D) and height h(D), and
possibly according to a third parameter,x-width wx(D), the latter depending also on
the variablex∈ V:

– s(D) := the number of combinatory and[Ext] inferences occurring inD;
– h(D) := the maximum length (number of nodes) of a branch inD’s tree, minus

1;
– wx(D) := the number of occurrences of[ρ ′]-inferences of the formx = x in D.

Due to the left / right symmetry of the combinatory introduction rules, to each
derivationD we may associate itsdualderivationD̃ by effecting the following trans-
formations:

1. each nodet = s is replaced bys= t;
2. labels[Fr ] are changed into[Fl ] and conversely;
3. the two premises of aτ-inference, if any, are interchanged.

Obviously,
D ` t = s iff D̃ ` s= t .

This indeed shows thatG(e)[X] is closed under the symmetry rule[σ ] (cf. Proposition

2.2.5). Clearly, the transformationD 7→ D̃ preserves all the relevant parameters and
properties (size, height,x-width, τ-freeness) of derivations, while it interchanges left-
handedness and right-handedness.

The following lemmas on substitution will be frequently used.

Lemma 2.3.1 (Parallel substitution)To each pair of derivations

D1 ` t = s and D2 ` p = q
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and each variable x∈V we can effectively associate a derivation

D∗ ` t[x/p] = s[x/q]

which is a left (right,τ-free) derivation provided bothD1,D2 are left (right,τ-free)
derivations. Moreover:

s(D∗)≤ s(D1)+wx(D1) ·s(D2) and h(D∗)≤ h(D1)+h(D2) .

Proof By straightforward induction on the height ofD1, taking cases according to
end(D). Note that, when consideringend(D) ≡ [Ext], the induction hypothesis has
to be applied twice, as the eigenvariable of the inference might occur inp or q. ut

Lemma 2.3.2 To each derivationD ` t = s, each variable x and each term p, we can
effectively associate a derivationD∗ ` t[x/p] = s[x/p] which is a left (right,τ-free)
derivation providedD is such. Moreover,s(D∗)≤ s(D) andh(D∗)≤ h(D)+‖p‖ .

Proof Apply Lemma 2.3.1, after observing that for every termp we can easily con-
struct a derivationDp

−̀ p = p such thats(Dp) = 0 andh(Dp) = ‖p‖. ut

Remark 2.3.3In view of the casep∈V of the above Lemma, there isno limitation
(w.r. to size, height, orientation andτ-freeness) in assuming, given a derivationD and
an [Ext]-inferenceR occurring in it, that theeigenvariableof R is distinct from those
in an arbitrarily chosen finite set of variables. Henceforth, we will sometimes make a
tacit use of this fact.

We conclude this section by showing howτ-free derivations can always be as-
sumed, without limitations w.r. tosizeandorientation, to be in a certainnormalform.
This fact will be used to shorten some of the proofs in sect. 3.

To start with, notice the following immediate consequence of allowingside terms
in the rules[Fl ] and[Fr ]:

Fact 2.3.4 If the conclusion t= s can be obtained from the premise t′ = s (t = s′)
by means of a left (right) combinatory rule then, for every q and for every finite listp
of terms, the conclusion tp = q (q = sp) can be obtained from the premise t′p = q
(q = s′p) by means of the same rule.

This, in turn, implies that combinatory inferences whose conclusion is the left premise
of an [App] inferencecan be permuted downwards. Exploiting the latter fact leads to
the following definition and result.

Definition 2.3.5 A derivationD is normalprovided it isτ-free, and is such that the
left premise of each[App] inference occurring inD is not the conclusion of a combi-
natory inference.

Lemma 2.3.6 To eachτ-free derivationD −̀ t = s we can effectively associate, pre-
serving orientation, a normal derivationD∗ −̀ t = s withs(D∗)≤ s(D).
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Proof By induction onh(D), taking cases according toend(D). If the latter isApp,
then

D ≡
D1

{ ...
t1 = s1

...
t2 = s2

}
D2

t1t2 = s1s2
App .

Applying the I.H., we normalizeD1 andD2 to D∗
1, resp.D∗

2. Next, lett ′1 = s′1 be the
lowermost node inD∗

1 which is not the conclusion of a combinatory inference, and
let D′

1 be the subderivation ofD∗
1 ending witht ′1 = s′1. This means that the (possibly

empty) path ofD∗
1 going fromt ′1 = s′1 to t1 = s1 consists only of combinatory infer-

ences, sayR1, . . .Rn. Then, in view of Fact 2.3.4, the following is a normal derivation
of t1t2 = s1s2 satisfyings(D∗)≤ s(D):

D∗ =

D′
1

{ ...
t ′1 = s′1

...
t2 = s2

}
D∗

2

t ′1t2 = s′1s2
App

...R1...Rn

t1t2 = s1s2

The remaining cases are straightforward. ut

3 Transitivity elimination for G e[X] proof systems

Throughout this section, we refer to an arbitrarily fixed combinatory systemX and to
the associated analyticextensionalproof-systemGe[X].

3.1 Overview of the proof

Transitivity elimination for analytic combinatory proof systemsG[X] without exten-
sionality is demonstrated in [15] by following the (perhaps most natural) strategy
which consists in showing how atopmostapplication of[τ] can be eliminated from a
derivation:

D1
−̀ t = s, D2

−̀ s= r 7−→ D∗ −̀ t = r . (♦)

To prove (♦), we argue byω3-induction6, taking cases according to the possible
combinations〈end(D1),end(D2)〉 of the final inferences ofD1 andD2.

Such a strategy can be suitably modified to cope with transitivity elimination for
extensionalsystemsGe[X], providedX is linear ([15], sect. 5). But it doesn’t work
any more when the linearity restriction is dropped — nor does it work with analytic
proof systems forλβ - and λβη-calculus, see [17]. Indeed, all kinds of inductive
arguments we could reasonably imagine fail, when one considers the case of (♦) in
which

6 Namely, by main induction onh′(D1)+h′(D2), secondary induction ons(D1)+s(D2), and ternary
induction on‖s‖, whereh′(D) differs fromh(D) by not taking into account the applications of[App].
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– end(D1) is an[App] inference whose left premise is either the conclusion of an
[Ext] inference, or the conclusion of another[App] inference whose left premise
is the conclusion of an[Ext] inference, or . . .

– end(D2) is a leftF-introduction rule andF is non linear,

as well as the symmetric case (see also the explanation in [17], sect. 3).
Luckily enough, a way out is found by taking as a starting point and then exploit-

ing the more elaborate strategy we used in [17] to prove transitivity elimination for
analytic proof systems forλβ - andλβη-calculus. Essentially, the trick is to break
down the symmetry betweenD1 andD2 in (♦), by proving the following stronger
Main Lemma(Lemma 3.4.1 below):

D1
−̀ t = s, D2

−̀
Φ [[s]] = r 7−→ D∗ −̀

Φ [[t]] = r , (�)

whereΦ is anarbitrary context inHX . Clearly,(♦) (and in turn transitivity elimina-
tion) follows by takingΦ ≡ ∗ .

Yet the demonstration of(�) is far from simple, and is actually much more del-
icate in the case of combinatory logic with extensionality than in the case ofλβη-
calculus.

We shall argue by main induction ons(D1), taking cases according toR :=
end(D1). If the latter is a structural rule, or[Ext], additional subinductions on‖s‖ and
h(D2) are required, together with a clever handling of contexts and, whenend(D1) is
[Ext], a careful distinction of many subcases. If insteadR is a combinatory rule, here
is what exactly is needed:

• theτ-freeadmissibility of a rule ofgeneralized (left)F-inversion:

D −̀
Φ [[Fs1 . . .skF

p]] = r 7−→ D∗ −̀
Φ [[dF[s1, . . . ,skF

]p]] = r , (N)

• and theτ-freeadmissibility of a rule ofgeneralized (left)F-introduction:

D −̀
Φ [[dF[s1, . . . ,skF

]p]] = r 7−→ D∗ −̀
Φ [[Fs1 . . .skF

p]] = r . (H)

Also the proof of(N) and, to a lesser extent, that of(H), require non trivial efforts, as
we will see in a moment. But the game is worth the candle. For, coming back to(�),
if end(D1) is [Fr ] we may conclude by applying the M.I.H. to the subderivation of the
premise of[Fr ] and the derivation resulting fromD2 by generalizedF-inversion. And,
if end(D1) is [Fl ], we can first apply the M.I.H. to the subderivation of the premise
of [Fr ] and the derivationD2, and then conclude by applying the rule ofgeneralized
F-introduction.

Summing up, the entire proof of transitivity elimination articulates in the follow-
ing three main steps, in this order (which is essential). In§ 3.2 we prove(N), by
making use of a kind ofmarking (or indexing) technique (Lemma 3.2.2). In§ 3.3,
by using(N), we prove a weaker form of (♦) in which D1 is assumed to be aleft
derivation (Lemma 3.3.1), and then use the latter to prove(H). Finally, in § 3.4 we
prove the Main Lemma(�) along the lines indicated above.
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3.2 First step:τ-free admissibility of generalized inversion rules

Let F be a primitive combinator inX, having indexk and definitiondF underX.
Intuitively, by anF-marked termwe mean nothing but a termt in which a num-
ber (possibly zero) of (possibly nested) occurrences of redexes of the formFt1 . . . tk
have been marked in some way, so that it makes sense to speak of the (unmarked)
term t] obtained fromt by replacing each marked redex occurrenceFt1 . . . tk by the
corresponding contractumdF[t1, . . . , tk]. Formally, however, it is convenient to treat
F-marked terms as expressions belonging to the setTF

X ⊃ TX which is defined by the
grammar

TF
X = X |V |(TF

XTF
X) | dF

k times︷ ︸︸ ︷
TF

X . . .TF
Xe.

Capital lettersP,Q,T (possibly with sub- and superscripts) range overF-marked
terms, whileP,Q range over finite lists ofF-marked terms. Note that whereas every
t ∈ TX is either an atom or an application term,F-marked terms partition into atoms
(primitive combinators and variables), application termsPQ andmarkedF-redexes
dFT1 . . .Tke.

Given aF-marked termT, we denote by|T| theTX-term which is obtained fromT
by replacing every occurrence of the markers ‘d’ and ‘e’ with ‘ (’ and ‘)’, respectively.
If |T| ≡ t, we also say thatT is a F-marking of t.

Finally, for everyT ∈ TF
X , the termT] ∈ TX is defined inductively as follows:

• x] := x and G] := G, for x∈V andG ∈ X ,
• (PQ)] := P]Q] ,

• dFP1 . . .Pke] := dF[P
]
1 . . .P]

k ] .

Lemma 3.2.1 For every T,P∈ TF
X and every x∈ V:

(i) V(T])⊆V(T) = V(|T|) ; (ii) (T[x/P])] ≡ T][x/P]] .

Proof By straightforward induction on the construction ofT. ut

Lemma 3.2.2 LetF be a primitive combinator having index k. Given aτ-free deriva-
tion D −̀ t = s and aF-marking T of t, we can find aτ-free derivation

D∗ −̀ T] = s

which, additionally, is a right derivation providedD is a right derivation.

Proof By main induction ons(D) and secondary induction on‖t‖. In view of Lemma
2.3.6, we can assume without limitations thatD is normal. Lemma 3.2.1 will also be
used, often without explicit mention.

We distinguish cases according toR= end(D).

I Case A:R is [ρ ′].
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Then eitherT is an atom (soT ≡ |T| ≡ s), and the conclusion is trivial, ork = 0 (i.e.
F has index 0) andT is dFe. Thent ≡ s≡ F andT] ≡ dF. We take

D∗ :=

... structural rules

dF = dF

dF = F
Fr .

Note thatleft-handedness is not preserved in this case.

I Case B:R is aright combinatory rule. Immediate by the M.I.H.7

I Case C:R is [Gl ], with G ∈ X.
Let m be the index ofG. Then there areTX-termst1, . . . , tm, q and corresponding
F-markingsT1, . . . ,Tm, Q such that

t ≡ Gt1 . . . tmq, and D≡

...
dG[t1, . . . , tm]q = s

}
D1

Gt1 . . . tmq = s Gl .

Also,

– either T≡ GT1 . . .TmQ, and soT] ≡ GT]
1 . . .T]

mQ
]
,

– or G is F, m= k and T≡ dGT1 . . .TkeQ, soT] ≡ dG[T]
1 , . . . ,T]

m]Q]
.

In the first case, by the M.I.H. applied to the subderivationD1 w.r. to theF-
markingdG[T1, . . . ,Tm]Q of dG[t1, . . . , tm]q, we get a derivation

D∗
1

−̀ dG[T]
1 , . . . ,T]

m]Q] = s,

whence a final[Gl ] inference yields the desired derivationD∗ −̀ GT]
1 . . .T]

mQ
] = s.

In the second case we proceed as above, but takeD∗ := D∗
1.

I Case D:R is [Ext]. Then:

D≡

...
tx = sx

}
D1

t = s Ext where x/∈V(ts) .

From |T| ≡ t we get|Tx| ≡ tx. Also, (Tx)] ≡ T]x, andx /∈V(T]) by Lemma 3.2.1.
By the M.I.H. applied to the subderivationD1 w.r. to theF-markingTx of tx, we
obtain a derivationD∗

1
−̀ T]x = sx and in turn, by a final application of[Ext], the

conclusion.

I Case E:R is [App].
Thent, but possibly notT, is an application term. Hence we distinguish:

• Subcase E.1: there areTX-termst1, t2 and correspondingF-markingsT1,T2 such
that

7 Main induction hypothesis. S.I.H. = secondary induction hypothesis.
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t ≡ t1t2 , T ≡ T1T2 , T] ≡ T]
1 T]

2 , and D≡
D1

{ ...
t1 = s1

...
t2 = s2

}
D2

t1t2 = s1s2
App.

The conclusion easily follows by applying the S.I.H. toD1 andD2.

• Subcase E.2: there areTX-termst1, . . . , tk and correspondingF-markingsT1, . . . ,Tk

s.t.:
- k≥ 1, t ≡ Ft1 . . . tk , T ≡ dFT1 . . .Tke , T] ≡ dF[T

]
1 , . . . ,T]

k ] ,
- and for somei (0≤ i < k):

D≡

D0

{ ...
Ft1 . . . ti = r R′

...
ti+1 = r i+1

}
Di+1

Ft1 . . . ti+1 = rr i+1
App

...
Ft1 . . . tk−1 = rr i+1 . . . rk−1

...
tk = rk

}
Dk

Ft1 . . . tk = rr i+1 . . . rk
App

wheres≡ rr i+1 . . . rk , andFt1 . . . ti = r is the lowermost node in the leftmost branch
of D which is the conclusion of an inferenceR′ different from[App] (note that this
node possibly coincides with the left premise of the final inference ofD, precisely
wheni = k−1).

Now, D is (assumed to be)normal. Therefore, the inferenceR′ is either[ρ ′] or
[Ext].

� E.2.1: R′ is [ρ ′]. Necessarilyi = 0, r ≡ F, and sos≡ Fr1 . . . rk.

Consider then the derivationsDi
−̀ ti = r i , 1≤ i ≤ k : we haves(Di) ≤ s(D), but

‖ti‖< ‖t‖ ast ≡ Ft1 . . . tk. So, by applying to theDi ’s the S.I.H. w.r. to theF-marking
Ti of ti we get derivationsD∗

i
−̀ T]

i = r i for 1≤ i ≤ k and in turn, by making use of
Lemma 2.3.1, a derivation

D+ −̀ dF[T
]
1 , . . . ,T]

k ] = dF[r1, . . . , rk] .

A final application of[Fr ] yields aτ-free derivationD∗ of dF[T
]
1 , . . . ,T]

k ] = Fr1 . . . rk,
i.e. ofT] = s, as requested.Note that left-handedness is not preserved in this case.

� E.2.2: R′ is [Ext]. Then the subderivationD0 looks like

...
Ft1 . . . tix = rx

}
D′

0

Ft1 . . . ti = r Ext

where theeigenvariable xdoesn’t occur int1, . . . , ti , r and (by Remark 2.3.3) can be
assumed not to occur also inti+1, . . . tk, r i+1, . . . , rk.
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If i < k−1, let

E :=

D′
0

{ ...
Ft1 . . . tix = rx

...
ti+2 = r i+2

}
Di+2

Ft1 . . . tixti+2 = rxr i+2
App

...
Ft1 . . . tixti+2 . . . tk−1 = rxr i+2 . . . rk−1

...
tk = rk

}
Dk

Ft1 . . . tixti+2 . . . tk = rxr i+2 . . . rk
App.

Otherwise (i = k−1) letE := D′
0.

Since an application of[Ext] has been removed, we haves(E) < s(D). So we may ap-
ply toE the M.I.H. with respect to theF-markingdFT1 . . .TixTi+2 . . .Tke of Ft1 . . . tixti+2 . . . tk,
to get a derivation

E∗ −̀ dF[T
]
1 , . . . ,T]

i ,x,T]
i+2, . . . ,T

]
k ] = rxr i+2 . . . rk .

On the other side, since‖ti+1‖ < ‖t‖, we can apply the S.I.H. toDi+1 w.r. to the
markingTi+1 of ti+1, to get a derivation

D∗
i+1

−̀ T]
i+1 = r i+1.

Finally, by parallel substitution(Lemma 2.3.1) applied toE∗ andD∗
i+1 we get the

desired derivationD∗ −̀ dF[T
]
1 , . . . ,T]

k ] = rr i+1 . . . rk.

It is easy to check that, in all cases, the transformationD 7→ D∗ preservesright-
handedness.

The key result of this section is now an immediate consequence of the above
Lemma.

Lemma 3.2.3 (τ-free admissibility of generalizedF-inversion rules)For everyF∈
X and every contextΦ ∈ HX , the following inference rules are admissible inG−

e [X]:

Φ [[Ft1 . . . tkF
p]] = s

Φ [[dF[t1, . . . , tkF
]p]] = sFinv

l
,

s= Φ [[Ft1 . . . tkF
p]]

s= Φ [[dF[t1, . . . , tkF
]p]] Finv

r
.

Moreover,[Finv
l ] preserves right-handedness and[Finv

r ] preserves left-handedness.

Proof Given aτ-free (right) derivationD −̀ Φ [[Ft1 . . . tkF
p]] = s of the premise of

[Finv
l ], we obtain aτ-free (right) derivationD∗ of the conclusionΦ [[dF[t1, . . . , tkF

]p]] =
s of [Finv

l ] by applying Lemma 3.2.2 toD w.r. to theF-marking

Φ [[dFt1 . . . tkF
ep]] of the term Φ [[Ft1 . . . tkF

p]] ,

since by Lemma 3.2.1

(Φ [[dFt1 . . . tkF
ep]])] ≡ Φ [[dF[t1, . . . , tkF

]p]] .

In turn, the admissibility of[Finv
r ] follows from that of[Finv

l ] by making use of the

transformationD 7→ D̃. ut
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3.3 Second step:τ-free admissibility of generalized introduction rules

Lemma 3.3.1 (Left elimination)To any given pair

D1
−̀
L t = s and D2

−̀ s= r

of τ-free derivations,such thatD1 is a left derivation, we can effectively associate a
τ-free derivation

D∗ −̀ t = r

which, moreover, is aleft derivation provided that alsoD2 is a left derivation.

Proof By main induction ons(D2), secondary induction ons(D1) and ternary in-
duction on the depth of the ‘cut-term’,‖s‖.

Let Ri := end(Di), i = 1,2. AsD1 is, by assumption, aleft derivation, it is easily
seen that the following is an exhaustive list of the cases to be considered:

• Case A: eitherR1 or R2 is [ρ ′];
• Case B: R1 is [Gl ] or R2 is [Gr ], for someG ∈ X;
• Case C: R1 is [App] andR2 is [App];
• Case D: eitherR1 or R2 is [Ext];
• Case E: R2 is [Gl ], for someG ∈ X.

Now, Case A is trivial, while B is easily dealt with by the M.I.H. (in caseR2 is [Gr ])
or the S.I.H. (in caseR1 is [Gl ]). As for C, apply the ternary I.H. two times. Let us
discuss in detail the remaining two cases.

I Case D.
SupposeR1 is [Ext]. Then

D1 ≡

...
tx = sx

}
D1

1

t = s Ext ,

wherex doesn’t occur int,sand (by Remark 2.3.3) can also be assumed not to occur
in r. Consider the derivation

D′
2 ≡

D2

{ ...
s= r x = x

sx= rx App.

We haves(D′
2) = s(D2), while s(D1

1) < s(D1). So we can apply the S.I.H. toD1
1

andD′
2, to get aτ-free derivation

E −̀ tx = rx .

A final application of[Ext] yields the desiredD∗ −̀ t = r.
If R2 is [Ext] we reason symmetrically (of course, in this case the M.I.H. is applied).
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I Case E.
Then, for someG∈X with m= mG, and some termss1 . . .sm, p, we haves≡Gs1 . . .smp,

D1 ≡
...

t = Gs1 . . .smp
and D2 ≡

...
dG[s1, . . . ,sm]p = r

}
D′

2

Gs1 . . .smp = r Gl .

By applying to the conclusion ofD1 (w.r. to the context∗ ) the admissible rule[Finv
r ]

of Lemma 3.2.3, we get aτ-free left derivation

D′
1

−̀
L t = dG[s1, . . . ,sm]p.

Notice that possiblys(D′
1) > s(D1)! However, sinces(D′

2) < s(D2), we can apply
the M.I.H. toD′

1 andD′
2 to get a derivationD∗ −̀ t = r.

By inspecting the whole proof it is easily verified thatD∗ is, in all cases, aleft deriva-
tion providedD2 is such. ut

We can now prove:

Lemma 3.3.2 (τ-free admissibility of generalizedF-introduction rules) For every
F ∈ X and every contextΦ ∈ HX , the following inference rules are admissible in
G−

e [X]:

Φ [[dF[t1, . . . , tkF
]p]] = s

Φ [[Ft1 . . . tkF
p]] = s F+

l
,

s= Φ [[dF[t1, . . . , tkF
]p]]

s= Φ [[Ft1 . . . tkF
p]] F+

r
.

Proof Suppose we are given aτ-free derivationD −̀ Φ [[dF[t1, . . . , tkF
]p]] = s.

By applying Lemma 2.3.1 to theτ-free left derivations

E1 :=
... structural rules

Φ [[x]] = Φ [[x]]
and E2 :=

... structural rules

dF[t1, . . . , tkF
]p = dF[t1, . . . , tkF

]p
Ft1 . . . tkF

p = dF[t1, . . . , tkF
]p Fl ,

wherex /∈V(Φ), we get aτ-free left derivation

E −̀
L Φ [[Ft1 . . . tkF

p]] = Φ [[dF[t1, . . . , tkF
]p]] .

Thus, by Lemma 3.3.1 applied toE andD, we get aτ-free derivation

D∗ −̀
Φ [[Ft1 . . . tkF

p]] = s.

This proves the claim about[F+
l ] and in turn, by making use of the transformation

D 7→ D̃, the claim about[F+
r ]. ut

Although this fact will not be needed later on, notice that[F+
l ] preserves left-handedness

and[F+
r ] preserves right-handedness.
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3.4 Final step: main elimination lemma

We are now in a position to prove:

Lemma 3.4.1 (Main elimination lemma)Given twoτ-free derivations

D1
−̀ t = s and D2

−̀
Φ [[s]] = r

we can find aτ-free derivation

D∗ −̀
Φ [[t]] = r .

Proof By main induction ons(D1), secondary induction on‖s‖ and ternary induc-
tion onh(D2), taking cases according toR1 := end(D1).

I Case A:R1 is [ρ ′]. Thent ≡ s, and we takeD∗ := D2.

I Case B:R1 is [App]. Thent ≡ t1t2, s≡ s1s2, and

D1 ≡
D′

1

{ ...
t1 = s1

...
t2 = s2

}
D′′

1

t1t2 = s1s2
App.

Let Ψ := Φ [[(s1∗)]], so thatΨ [[s2]] ≡ Φ [[s]] andD2
−̀ Ψ [[s2]] = r. Sinces(D′′

1) ≤
s(D1) and‖s2‖< ‖s‖, we can apply the S.I.H. toD′′

1 andD2, giving a derivation:

D3
−̀

Ψ [[t2]] = r , i.e. D3
−̀

Φ [[s1t2]] = r .

Now, let Θ := Φ [[(∗ t2)]], so thatΘ [[s1]] ≡ Φ [[s1t2]] and D3
−̀ Θ [[s1]] = r. Since

s(D′
1) ≤ s(D1) and‖s1‖ < ‖s‖ , we can apply again the S.I.H., this time toD′

1 and
D3, and get

D∗ −̀
Θ [[t1]] = r , i.e. D∗ −̀

Φ [[t]] = r .

I Case C:R1 is [Fl ], for someF∈X. Thent ≡ Ft1 . . . tkF
p, andD1 has the form

D′
1

{ ...
dF[t1, . . . , tkF

]p = s

Ft1 . . . tkF
p = s Fl , wheres(D′

1) < s(D1).

Using theG−
e [X]-admissiblegeneralized introductionrule [F+

r ] of Lemma 3.3.2, we
set:

D∗ :=

D′
1

{ ...
dF[t1, . . . , tkF

]p = s

...
Φ [[s]] = r

}
D2

Φ [[dF[t1, . . . , tkF
]p]] = r

M.I .H.

Φ [[Ft1 . . . tkF
p]] = r

F+
l
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I Case D:R1 is [Fr ], for someF ∈ X. Thens≡ Fs1 . . .skF
q, andD1 has the

form

D′
1

{ ...
t = dF[s1, . . . ,skF

]q
t = Fs1 . . .skF

q Fl , wheres(D′
1) < s(D1).

Using theG−
e [X]-admissiblegeneralized inversionrule [Finv

l ] of Lemma 3.2.3, we set:

D∗ :=

D′
1

{ ...
t = dF[s1, . . . ,skF

]q

...
Φ [[Fs1 . . .skF

q]] = r

}
D2

Φ [[dF[s1, . . . ,skF
]q]] = r

Finv
l

Φ [[t]] = r
M.I .H.

I Case E:R1 is [Ext]. Then

D1 ≡

...
tx = sx

}
D′

1

t = s Ext where x/∈V(ts) ands(D′
1) < s(D1).

Without limitations,x /∈V(r) as well asx /∈V(Φ).
We have now to look atR2 := end(D2), and distinguish the corresponding subcases.

• Subcase E.1:R2 is [ρ ′].

Excluding the trivial case ofΦ having no holes, we necessarily have thatΦ ≡ ∗ , and
s≡ r ∈ V∪X. We set:

D∗ :=

D′
1

{ ...
tx = sx

D2

{ ...
s= r x = x ρ ′

sx= rx App

tx = rx
M.I .H.

t = r Ext .

• Subcase E.2:R2 is [App].

If Φ has no holes orΦ ≡ ∗ , we proceed as in subcase E.1 above.
Otherwise, there are contextsΨ1,Ψ2 s.t.Φ ≡Ψ1Ψ2 , Φ [[s]]≡Ψ1[[s]]Ψ2[[s]], r ≡ r1r2 for
somer1, r2 , and:

D2≡
D′

2

{ ...
Ψ1[[s]] = r1

...
Ψ2[[s]] = r2

}
D′′

2

Ψ1[[s]]Ψ2[[s]] = r1r2
App, whereh(D′

2) , h(D
′′
2)< h(D2) .
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Then, the ternary I.H. can be applied:

D∗ :=

D1

{ ...
t = s

...
Ψ1[[s]] = r1

}
D′

2

Ψ1[[t]] = r1
T.I .H.

D1

{ ...
t = s

...
Ψ2[[s]] = r2

}
D′′

2

Ψ2[[t]] = r2
T.I .H.

Ψ1[[t]]Ψ2[[t]] = r1r2
App.

• Subcase E.3:R2 is [Fr ], for someF ∈ X.

We haver ≡ Fr1 . . . rkF
q and

D2 ≡
D′

2

{ ...
Φ [[s]] = dF[r1, . . . , rkF

]q
Φ [[s]] = Fr1 . . . rkF

q Fr

Again, the ternary I.H. can be applied toD1 andD′
2:

D∗ :=

D1

{ ...
t = s

...
Φ [[s]] = dF[r1, . . . , rkF

]q

}
D′

2

Φ [[t]] = dF[r1, . . . , rkF
]q

T.I .H

Φ [[t]] = Fr1 . . . rkF
q Fr

• Subcase E.4:R2 is [Ext].

Then

D2 ≡
D′

2

{ ...
(Φ [[s]])z= rz
Φ [[s]] = r Ext , where z/∈V(Φ [[s]], r) andh(D′

2) < h(D2) .

We apply the ternary I.H. toD1 andD′
2 w.r. to the contextΨ ≡ Φx; that is (safely

assumingz /∈V(Φ [[t]])), we set:

D∗ :=

D1

{ ...
t = s

...
(Φ [[s]])z= rz

}
D′

2

(Φ [[t]])z= rz
T.I .H.

Φ [[t]] = r Ext

• Subcase E.5:R2 is [Fl ], for someF ∈ X.

Then, for some termsq1 . . .qn, Φ [[s]]≡ Fq1 . . .qn, where 0≤ k = kF ≤ n; further,

D2 ≡
D′

2

{ ...
dF[q1, . . . ,qk]qk+1 . . .qn = r

Fq1 . . .qn = r Fl , whereh(D′
2) < h(D2) .

Now, excluding the trivial case ofΦ without holes, it easily follows fromΦ [[s]] ≡
Fq1 . . .qn that only the following three cases are possible as to the form ofΦ :
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� E.5.1: Φ ≡ ∗ and s≡ Fq1 . . .qn. We proceed exactly as in subcase E.1.

� E.5.2: Φ ≡ FΘ1 . . .Θn for some contextsΘ1, . . . ,Θn , andqi ≡Θi [[s]] for 1≤ 1≤ n.

ThenΦ [[t]]≡ F(Θ1[[t]]) . . .(Θn[[t]]). Consider the context

Ψ := dF[Θ1, . . . ,Θk]Θk+1 . . .Θn , so that D′
2

−̀
Ψ [[s]] = r . (3.1)

By the ternary I.H. applied toD1 andD′
2 w.r. to the contextΨ we get a derivation

D3
−̀

Ψ [[t]] = r , i.e. D3
−̀ dF[(Θ1[[t]]), . . . ,(Θk[[t]])](Θk+1[[t]]) . . .(Θn[[t]]) ,

whence a final application of[Fl ] yields the desiredD∗ −̀ F(Θ1[[t]]) . . .(Θn[[t]]) = r .

And now the most complicated of the three cases:

� E.5.3: Φ ≡ ∗Θm+1 . . .Θn for someΘm+1, . . . ,Θn (0≤m< n), and s≡ Fq1 . . .qm.

For 1≤ i ≤m, let Θi := qi , so that,vacuously,

Θi [[s]]≡Θi [[t]]≡ qi (1≤ i ≤m). (3.2)

Let also the contextΨ be defined as in (3.1) above. Then

Fq1 . . .qn ≡ Φ [[s]] ≡ s(Θm+1[[s]]) . . .(Θn[[s]]) ≡ Fq1 . . .qm(Θm+1[[s]]) . . .(Θn[[s]]) .

So also, in view of (3.2):

q1 ≡Θ1[[s]] , . . . , qn ≡Θn[[s]] , and D′
2

−̀
Ψ [[s]] = r (cf. (3.1)),

while
Φ [[t]]≡ t(Θm+1[[t]]) . . .(Θn[[t]]) . (3.3)

Thus we proceed as follows. First of all, exactly as in E.5.2, we apply the ternary I.H.
to D1 andD′

2 w.r. toΨ , followed by a final application of[Fl ], and get a derivation
(now calledE):

E −̀ F(Θ1[[t]]) . . .(Θn[[t]]) = r , i.e., by (3.2), E −̀ s(Θm+1[[t]]) . . .(Θn[[t]]) = r . (3.4)

Thus, letΦ ′ := ∗(Θm+2[[t]]) . . .(Θn[[t]]) (observe that possiblyΦ ′ ≡ ∗ ). By (3.4):

E −̀
Φ
′[[s(Θm+1[[t]])]] = r . (3.5)

On the other side, by applying Lemma 2.3.2 toD′
1

−̀ tx = sxand the termΘm+1[[t]]
(which exists, becausem< n!) we get a derivation

D′′
1

−̀ t(Θm+1[[t]]) = s(Θm+1[[t]]) , with s(D′′
1)≤ s(D′

1) < s(D1) .

A final application of the M.I.H. toD′′
1 andE (cf. (3.5)) w.r. to the contextΦ ′ thus

yields the desired derivation

D∗ −̀
Φ
′[[t(Θm+1[[t]])]] = r , i.e., by 3.3, D∗ −̀

Φ [[t]] = r .

ut
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Theorem 3.4.2 (τ-elimination for G e[X]) EveryGe[X]-derivation

D ` t = s

can (effectively) be transformed into aτ-freeGe[X]-derivation

D∗ −̀ t = s.

Proof By induction on the number of occurrences of rule[τ] in D, using theMain
Elimination Lemma3.4.1 withΦ ≡ ∗ to eliminate a topmost occurrence of[τ]. ut

Remark 3.4.3The proof systemGξ [C] is obtained fromGe[C] by replacing the ex-
tensionality rule[Ext] with the rule[ξ ], see sect. 1. Clearly, these two systems are
equivalent. Now, as a consequence of the above Theorem 3.4.2 together with Fact
6.1 of [15], we may conclude —indirectly — that also Gξ [C] admits transitivity
elimination.

4 Solution of Curry and Hindley’s problem

Let us finally come to our solution of Curry and Hindley’s problem, asking for a con-
fluence proof ofcombinatory strong reduction� which is independent ofλ -calculus.

Henceforth, terms are applicative combinations of variables and the three basic
combinatorsI,K,S. Strong reduction� between terms has already been defined in
sect. 1. We just recall that, for every termt and variablex, the termλ∗x.t is inductively
defined as follows:

λ
∗x.t :=


I, if t ≡ x,
t ′, if t ≡ t ′x with x /∈V(t ′),
Kt, if x /∈V(t);
S(λ∗x.t1)(λ∗x.t2), if t ≡ t1t2 and the two previous cases do not apply.

Ce[C] (≡ CLext) is the standard synthetic proof system for full extensional combi-
natory logic, andGe[C] is the corresponding analytic proof system — see Example
2.2.4. As usual, we writet =cβη s short forCe[C] ` t = s.

Lemma 4.1 (Common� -reduct extraction) From any givenτ-freeGe[C]-derivation

D −̀ t = s

we can effectively extract a term rD such that

t � rD �s.

Proof By straightforward induction onh(D), taking cases according toR:= end(D).
If R is an instance of[ρ ′], sayt = t, we takerD := t. If R is a combinatory rule and
D1 is the subderivation of the premise, we can takerD := rD1, as

Sp1p2p3q�dS[p1, p2, p3]q≡ p1p3(p2p3)q, and similarly forK andI .
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If R is [App] andD1,D2 are the subderivations of the left and right premise, we can
clearly takerD := rD1rD2. Finally, if R is [Ext],

D≡
D1

{ ...
tx = sx

t = s Ext with x /∈V(ts),

and by the I.H.tx� rD1 �sx. Then, by theξ -rule for �,

t ≡ λ
∗x.tx�λ

∗x.rD1 �λ
∗x.sx≡ s,

and we can takerD := λ∗x.rD1. ut

Now, the promised solution:

Theorem 4.2 (Church-Rosser property for strong reduction —direct proof)

t =cβη s ⇒ ∃r ( t � r �s).

Proof Assumet =cβη s. Then, by Proposition 2.2.6, there is aGe[C]-derivationD `
t = s. Hence, bytransitivity elimination(Theorem 3.4.2), there is aτ-free Ge[C]-
derivation

D∗ −̀ t = s.

The conclusiont � rD∗ �s now follows by applying theextractionLemma 4.1. ut

It is evident, by simple inspection of the above proof as well as of the proofs of
all the results therein employed, thatno detourhas been made throughλ -calculus.
Also, it goes without saying that,mutatis mutandis, the same proof does work in case
I is not taken as a primitive combinator, but defined asI := SKK.

Final remark 4.3Just for the sake of completeness, we would like to conclude with
a sketch of Curry’sindirect proof ofCR(�). Let

( )λ : T{I,K,S} −→Λ and ( )H : Λ −→ T{I,K,S}

be the standard translations of combinatory terms intoλ -terms, and conversely (see
e.g. [9], sect. 9 B). These satisfy, as it is easily verified, the three properties:

(P1) for t ∈ T{I,K,S} : (tλ )H ≡ t ,
(P2) for t,s∈Λ : t �βη s ⇒ tH �sH ,
(P3) for t,s∈ T{I,K,S} : t =cβη s ⇒ tλ =βη sλ ,

where�βη and=βη areλβη-reduction, resp.λβη-convertibility.
Assumingt =cβη s, we havetλ =βη sλ by (P3), soby the Church-Rosser Theorem

for λβη-reductionthere is ar ∈ Λ such thattλ �βη r andsλ �βη r. By using (P2)
and (P1), we concludet � rH �s.
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