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A solution to Curry and Hindley’s problem on combinatory
strong reduction

Pierluigi Minari

Abstract It has often been remarked that the metatheory of strong reductitire
combinatory analogue ¢n-reduction—g, in A-calculus, is rather complicated. In
particular, although the confluence>efs an easy consequence-ef, being conflu-

ent, no direct proof of this fact is known. Curry and Hindley’s problem, dating back to
1958, asks for a self-contained proof of GiR(one which makegso detourthrough
A-calculus. We answer positively to this question, by extending and exploiting the
technique ofransitivity eliminationfor ‘analytic’ combinatory proof systems, which
has been introduced in previous papers of ours. Indeed, a very short proof:ef CR(
immediately follows from the main result of the present paper, namely that a certain
analytic proof systen®e[C], which is equivalent to the standard proof sys@hy;

of Combinatory Logicwith extensionalityadmits effective transitivity elimination.

In turn, the proof of transitivity elimination — which, by the way, we are able to pro-
vide not only forG¢[C] but also, in full generality, for arbitrary analytic combinatory
systems with extensionality — employs purely proof-theoretical techniques, and is
entirely contained within the theory of combinators.

Keywords Combinatory logic extensionality: strong combinatory reduction
elimination of transitivity.

Mathematics Subject Classification (2000)03B40- 03F05- 03F07

1 Introduction

Combinatory strong reduction (also called3n-strong reductionn [9]) is introduced
in Curry and Feys’s [2], sect. 6 F, as the combinatory analogygnefeduction in
A-calculus. In other wordstrongreduction- is the appropriate reduction for tles-
tensionaltheory of equality in Combinatory Logi€L ey, just asweakreduction—,
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2 Pierluigi Minari

is the appropriate reduction for then extensionaheory of equality in Combinatory
Logic,CL. That is:

CLextHt=s iff tgoes toshy a finite series of-- and reversed--reductions

Strong reduction is defined by the usual rules that generate weak reduetidre.
(changing—» into »)

t>t” Kts>t < Stsr>-tr(sr) °
t>s t>s t>s s-r
rt>rs* tr>-sr’ t-r

and the additionatule
S>r

XS AT &

where functional abstractiok*x.t is defined according to the so callstfongalgo-
rithm (havingA*x.tx :=t, if x doesn’t occur irt; see sect. 4).

Actually, when dealing with strong reduction, it is preferable to te&e aprim-
itive combinator besideK andS (addinglt >t to the above rules, ant =t to the
axiom schemas o€L ), instead of having it defined ds= SKK, as is usually
done. The motivation (see [2],6 F.1) is that otherwise it would follow, by the fact
thatSK > K1 does hold, that

| = SKK> KIK > K(KIK)K > ...

and so we would have a combinatory term in strong normal fotin.X = SKK)
which is not strongly irreducible As soon as the variant withas a primitive com-
binator is adopted, it holds that strongly irreducible terms are in strong normal form
(Normal Form Theorenfirst proved by Curry [2]; a shorter proof is due to Hindley
and Lercher [7]), and converselgénverse Normal Form Theoreinercher [10]).

Notwithstanding its reputation of being quite messy, much is known about the
metatheory of strong reduction, see. e.g. [2] (sect. 6 F), [3] (sect. 11 E), [8] (Ch. 7),
[9] (Ch. 8), [18] § 3.8), [1] (§ 7.2). In particular, it is known that has theChurch-
Rosser property[2], sect. 6 F, Theorem 3) and that there is a (necessarily) infinite
set of axiom schemes axiomatizirgover—,, , which is recursive (Hindley [4], resp.
Lercher [11]).

Let us now concentrate on CR( Curry’s proof of this result is extremely simple
(see Remark 4.3), bittis not direct being inferred from the corresponding result for
APn-reduction. Hence the problem

“c. Is it possible to prove the Church-Rosser property directly for strong re-
duction, without having recourse to transformations between that theory and
the theory ofA-conversion? ...”

1 A combinatory ternt is strongly irreducibleiff t > s impliest = s, for everys. The classSNSof
combinatory term#n strong normal formis defined inductivelyt € SNSiff t = A*x.s for somes € SNF,
ort =xt; ...t for some variable andty, ... ,t, € SNF, withn > 0.



A solution to Curry and Hindley’s problem 3

listed under the heading “Unsolved problems’i6 F.5 of [2].

A solution was advanced by Loewen in 1968 (cf. [12], [13], [14]); unfortunately,
his proof seems to contain an error — as observed in Hindley's review [5] (cf. also
[3], § 11 E.8). Actually, the problem is considered as sipjlen and as such it has
been quite recently reproposed by Hindley [6]:

“Problem # 1

Date: Known since 1958!

Statement.ls there a direct proof of the confluenceff-strong reduction?
Problem Origin. First posed by Haskell Curry and Roger Hindley.

The Bn-strong reduction is the combinatory analoguggtreduction inA-
calculus. It is confluent. Its only known confluence-proof is very easy ... but
it depends on the having already proved the confluen@gafduction. Thus

the theory of combinators is not self-contained at present. Is there a conflu-
ence proof independent @fcalculus? ”

In the present paper, we intend to provide such a confluence proof, thus avoiding
the unwantedmetabasis eis allo genos”

To this aim, we exploit the notion @halytical derivatiorintroduced in [15], [16]
and [17] for untyped equational theories of operations related to, and including, Com-
binatory LogicCL and Lambda-calculus. In particular, in the mentioned papers we
introduced new equational proof systems which are equivalent to the standard ‘syn-
thetic’ calculi forCL, A andApn, and which turn out to be ‘analytic’ due to a main
result showing (constructively) thtte transitivity rule for equality£) is eliminable
As a consequence, a kind of ‘subterm property’ analogous to the subformula property
in first-order sequent calculi admitting cut elimination does hold for transitivity-free
derivations. Indeed, analytic derivations exhibit nice structural properties which can
be exploited to get a non trivial streamlining of the proof-theory of the corresponding
equational theories, whose consistency is now an immediate corollary of the above
mentionedsubterm propertyln turn, we get applications to the theories of combina-
tory weakreduction—,, as well as ofA3- andAfBn-reduction, by providing a unified
framework in which new very short demonstrations of known central results like con-
fluency, standardization, leftmost reduction strategy etc. can be given.

The transition from synthetic to analytic combinatory proof systems is essentially
determined by the transformation of the combinatory axiom schemas, e.g.

Stsr=tr(sr) [AX F],
into a pair ofleft andright combinatoryintroductionrules, in this case

tr(srp:...pn=0q g=tr(srps...pn

Stsrpy...pn=( q=Stsrpr...pn >’
additionally allowing a possibly empty ligt; . .. py of “side terms”.
As symmetry is built in the combinatory introduction rules, gyenmetry rulefor
equality[o] is dropped in combinatory analytic proof systems, whose equality rules
thus only comprisaeflexivity restricted to atomic term§p’], transitivity [z] and
monotonythe latter in the parallel formulation

t=s p=q
tp=sq

and

S|

App
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replacing[u] and[v].

So, as far a€lL ey is concerned (and takinigK, S as primitive combinators), the
corresponding analytic proof systéBa|C] features the “structural” rulgp’], [App, [7]
and the combinatory introduction rulds|, [I;], [Ki], [Kr], [Si], [S¢]. In addition, there
is theextensionalityule [Ex{?:

tX=sX
t=s

Ext (with x not occurring in ts).

An equivalent systerts, [C] is clearly obtained by replacirigx{ by the rule[&] :

t=s
Xt = AXs®

However, our choice of takindex{ as the primitive extensionality rule is, in a sense,
essential. First of all, becaulg can obviously not be generalized to arbitrary combi-
natory system¥, see below. Second, and more important, becgiise much more
cumbersome thafExf], and doesn’t easily lend itself to proof-theoretical analysis.
To wit, as a consequence 6%[C] enjoying transitivity elimination (Theorem 3.4.2)
we now know that als&, [C] enjoys this fundamental property (see Remark 3.4.3);
however, we wonder whether and how a direct proof of this fact might be given.

The analytic proof syster@¢[C], as well as the combinatory analytic proof sys-
temswith extensionalityG¢[X] based on amrbitrary selectionX of primitive com-
binators, were conjectured in [15] to admit transitivity elimination. The core of the
present paper is devoted to solve this conjecture in the affirmative, by using purely
proof-theoretical methods and without making aletourthroughA-calculus. Once
this task is accomplished, a direct confluence-proof of strong reducimjust an al-
most trivial corollary: we simply have to exploit the virtues of transitivity-free deriva-
tions, in particular the fact that from any giverfree derivation ot = sin G¢[C] we
can effectively extract a termsuch that >-r <s.

The paper is organized as follows. Section 2 provides the necessary background
from [15] and [17] about generalombinatory systemX as well as synthetic and
analytic combinatory proof systems (without and with extensiondli§gction 3 is
entirely devoted to the demanding proof of transitivity eliminationGgfX] systems,
with § 3.1 providing a sort of guided tour. Finally, section 4 presents the solution of
Curry and Hindley’s problem.

2 Analytic Combinatory Proof-systems
2.1 Combinatory terms and combinatory systems

Let X be a non-empty, possibly countably infinite set of individual constants, called
primitive combinatorsBy Ty we denote the set of gitombinatory) term$uilt over

2 Curry calls it¢-rule, cf. also [8]. We follow instead Barendregt’s [1] usagéfofi.
3 Apart from minor departures, we follow the terminology and the notations of [15] and [17].
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X and the countably infinite s& = {v1,v,...} of individual variables according to
the grammar:

Tx =X |V |[(TxTx).

An atom or atomicterm, is an individual variable or a primitive combinator; all other
terms are calledpplicationterms.
As metavariables we use, possibly with sub- or superscripts, the letters:

— F,G for primitive combinators,

— X,¥,z for individual variables,

- p,q,r,s,t (occasionallyd, see below) for terms,
— P, qfor (possibly empty) finite lists of terms.

The symbol= denotes syntactic identity between terms, which are written ac-
cording to standard conventions, like association to the left. In particular, given a list
P=pi,...,pPawithn>0,

tp = {t, if n=0 (i.e., if pis the empty list),
L (... ((tp1)p2) ... pn), if N> 0.

Further notational conventions and abbreviations include:

— V(t) := the set of all variables occurring in the tetm

— T§ := the set of all terms such thatv(t) C {vi,...,vn} (the set of all closed
terms, ifn = 0);

— t[X1/s1,...,%n/Sn] ;= the term resulting from by simultaneous substitution gf
forx (1 <i<n);

— t[s1,...,S) = =t[vi/s1,...,Vn/S0);

— ||t := thedepthoft, that is the maximum length of a branch in the formation tree
of t, minus 1;

— P~ 7q:=the listsp andqg have the same length.

Later we shall also make use ¥fcontextsthat is termsvith some holes in
them:

Hx = «|X|V|(HxHx).

We will use the lettersb, ¥, ® (possibly with decorations) as metavariables for ele-
ments ofHx . Given a contextb and an expressida (a termt or a context), ®[[E]]
shall denote the expression obtained frénby filling the holes, i.e. replacing all the
occurrences ok, with E. Clearly,

Hx, if E € Hx;
P[E] {Tx, if E € Tx.

Definition 2.1.1 By acombinatory systed we mean a map, defined on a non-empty
setX = domX) of primitive combinators, which associates to e&ch X a pair
<k|:,d|:> s.t.:

— kg, theindexof F underX, is a non negative integer;
— df, thedefinitionof F underX, is aT')‘{-term, i.eV(dr) C {vi,... . Vig }
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Terms of the formFty ...t are calledX-redexes The X-contractumof the redex
Fty.. e is the termdg[ty, ... ,th].

Notice that the caskr = 0 is admitted, and that a primitive combinatomay well
occur in its own definitiordg, possibly together with other primitive combinators. A
combinatory systerX is said to bdinear (pure) whenever, for ever§ € X, dg con-
tains at most one occurrence of eachof .. vi. (resp., wheneveir is a combination
of variablesj.

Definition 2.1.2 Given a combinatory syste and a primitive combinatof € X,
let:

— [AX F]x be the equation schema (relativelyTtg):
Fti.. .t = dF[tl,...,th].
— [Fi]x and[F,]x be the “combinatory” inference rules

Gt P =
Fti...tP=s

S=delty,...,t|P
S= Ftl...thT)

[F|]x and [Fr]x,

calledleft, resp.right F-introducton
The termsp (if any) are said to be theide termf these inferences.

2.2 Synthetic and analytic combinatory proof systems

To each combinatory systeKiwe now associate the ‘standagyntheticproof sys-
tems without/with extensionalityq[X], resp.Ce[X]) as well as correspondirana-
lytic proof systems without/with extensionalit@[X], resp.Ge[X]).

Definition 2.2.1 JX] is the equational proof system determined by:

— Axiom schemas:[AX F|x, for eachF € X;
— Inference rules:reflexivity [p], symmetnyc], transitivity [z], andmonotony{u],
[v],i.e.
- t
t=t" s

s t=s s=r t=s t—=s
t=r rt=rs"’ tr=sr’’

tO'?

Definition 2.2.2 GX] is the equational proof system determined by:

— “Combinatory” inference rules{F]x and[F;]x, for eachF € X;
— “Structural” inference rulegeflexivityrestricted to atomic termip’], transitivity
[t] andparallel application[Apg:

=g =%
it =51

App

4 Curry’s terminology (cf. [2], sect. 5 C ff.) has ‘proper’ for ‘pure’, and ‘not having a duplicative effect’
for ‘linear’.
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Notice that[c] is not a primitive rule olG[X].

Definition 2.2.3 G[X] andG¢[X] are the systems obtained fradiX], respectively
G[X], by adding the extensionality rulEx:

tX=sX
=g B¢ where x¢ V (ts).

The variablex is called theeigenvariableof the inference.

Example 2.2.4For instanceCL andCL gy (variant with primitivel) coincide with
C[C], resp.C¢[C], whereC is the non linear combinatory system, defined over
{I,K,S}, such that:

C(l) = (1,v1), C(K)=(2,v1) and C(S) = (3,v1v3(VaV3)).

On the other sideG[C] and G¢[C] coincide with the analytic versions &L and
CL ext described in the Introduction.

By G ¢ [X] andC ¢ [X] we shall refer indifferently t&[X] andGe[X], resp.C[X] and
C¢[X]. Further, we let

G [X] := the systenG g [X] minus the transitivity ruléz].
For an arbitrary combinatory systeX the following are easily verified (cf. [15]):

Proposition 2.2.5 Analytic proof system§ ) [X] andG © [X] are closed under rule
[o].

Proposition 2.2.6 (Equivalencefort,se Tx : "G@[X} t=s & "c(e>[x] t=s.

Proposition 2.2.7 (-free consistency)f x and y are distinct variables, théf"b(_)[x]
€

X=Y. HenceG(’e> [X] is consistent.

As far as transitivity elimination is concerned, the main result of [15] is:

Proposition 2.2.8

1. For every combinatory systeX) G[X] admits (effectivé)z-elimination.
2. For evenflinearcombinatory systerl, G¢[X] admits (effective}-elimination.

Section 3 is devoted to show that treearity restriction in Proposition 2.2.8 (2)
can indeed be removed. Thus, henceforth we will exclusively deal exiténsional
analytic proof systems.

5 That is, effective provided the mapis effective.
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2.3 Further preliminaries

Before starting the hard work, we collect here some notions, notations and auxiliary
lemmas which will be needed in the rest of the paper, and are valid for any analytic
extensional proof syste@¢[X].

Ge[X]-derivations, or simplylerivations(denoted byD, &, ...), are finite binary
trees which are locally correct w.r. to the inference rife§ [App, [z], [Fi], [Fr] (for
eachF e X) of Definition 2.2.2 and the extensionality ryExt] of 2.2.3. Of course,
we treat|p’] as a O-premises rule by convenience. We write

DFt=s and D t=s

to mean tha® is a derivation, resp. @ansitivity freederivation, of the equation=s.
Further, we conveniently indicate the final inference of a derivefidoy end (D).

A derivation® is said to be deft (right) derivation provided that naght (left)
combinatory inference occurs . We usually write® - . t=s (D Frt=9) to
mean tha® is a left (right) derivation of = s, and we write accordinglp - t=s
(D Fxrt =9) in caseD is 1-free. Of a mapd — D’ transforming derivations into
derivations we say that it presen@sentationwheneve®’ is a right (left) derivation
provided® is a right (left) derivation.

Derivations® will be measured according ®izes(®) andheighth(®), and
possibly according to a third parametesvidth wx (D), the latter depending also on
the variablex € V:

— s(®) := the number of combinatory arjxt] inferences occurring i®;
— h(®) := the maximum length (number of nodes) of a branc®ia tree, minus
1
— wx(D) := the number of occurrences gf']-inferences of the form = xin D.
Due to the left/right symmetry of the combinatory introduction rules, to each

derivation® we may associate ittual derivation® by effecting the following trans-
formations:

1. each nodé=sis replaced by =t;
2. labels[F] are changed int{F|] and conversely;
3. the two premises of &-inference, if any, are interchanged.
Obviously,
DEt=s iff ©Fs=t.
This indeed shows th& ) [X] is closed under the symmetry ryte| (cf. Proposition

2.2.5). Clearly, the transformatio — D preserves all the relevant parameters and
properties (size, height;width, T-freeness) of derivations, while it interchanges left-
handedness and right-handedness.

The following lemmas on substitution will be frequently used.

Lemma 2.3.1 (Parallel substitution)To each pair of derivations

D1k-t=s and ®Dkp=q
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and each variable x V we can effectively associate a derivation
D" Htx/p] = s[x/q]

which is a left (right,z-free) derivation provided botf1,%, are left (right, z-free)
derivations. Moreover:

s(D") <s(D1)+wx(D1)-s(D2) and h(D*) <h(D1)+h(D2).

Proof By straightforward induction on the height @f;, taking cases according to
end(D). Note that, when considerirgnd(®) = [Ex{], the induction hypothesis has
to be applied twice, as the eigenvariable of the inference might ocquoirg. 0O

Lemma 2.3.2 To each derivatio +t = s, each variable x and each term p, we can
effectively associate a derivatiad* |- t[x/p] = s[x/p] which is a left (right,z-free)
derivation provided® is such. Moreoveg(©*) < s(®) andh(®*) <h(D)+ || p||.

Proof Apply Lemma 2.3.1, after observing that for every teprwe can easily con-
struct a derivatior®p - p = p such thak(D,) = 0 andh(Dp) = || p||. O

Remark 2.3.3In view of the case € V of the above Lemma, there ii® limitation

(w.r. to size, height, orientation andfreeness) in assuming, given a derivatdmand
an[Exg-inferenceR occurring in it, that thesigenvariableof Ris distinct from those

in an arbitrarily chosen finite set of variables. Henceforth, we will sometimes make a
tacit use of this fact.

We conclude this section by showing hawfree derivations can always be as-
sumed, without limitations w.r. teizeandorientation to be in a certaimormalform.
This fact will be used to shorten some of the proofs in sect. 3.

To start with, notice the following immediate consequence of allowidg terms
in the ruleglF|] and[F;]:

Fact 2.3.4 If the conclusion = s can be obtained from the premise=ts (t=7¢)

by means of a left (right) combinatory rule then, for every g and for every finitp list
of terms, the conclusiorpt=q (g = sp) can be obtained from the premisgt=q
(g= s'p) by means of the same rule.

This, inturn, implies that combinatory inferences whose conclusion is the left premise
of an[App inferencecan be permuted downwardsxploiting the latter fact leads to
the following definition and resuilt.

Definition 2.3.5 A derivation® is normal provided it ist-free, and is such that the
left premise of eachApp inference occurring ifD is not the conclusion of a combi-
natory inference.

Lemma 2.3.6 To eachr-free derivation® = t = s we can effectively associate, pre-
serving orientation, a normal derivatidd* - t = s withs(D*) < s(D).
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Proof By induction onh(®), taking cases according tad(D). If the latter isApp,
then

Ql{t —:sl t —:sz}gz
) = ! 2 App -

tib =51%
Applying the I.H., we normaliz&, and®; to ©3, resp.95. Next, lett; = s, be the
lowermost node irD; which is not the conclusion of a combinatory inference, and
let ©) be the subderivation &} ending witht; = ;. This means that the (possibly
empty) path of9; going fromt] = s; tot; = s; consists only of combinatory infer-
ences, saRRy, ... R,. Then, in view of Fact 2.3.4, the following is a normal derivation
of ity = 515 satisfyings(D*) < s(D):

@’{ : : }@*
g8 -5

ity =SS App
D = Ry
it =51
The remaining cases are straightforward. O

3 Transitivity elimination for G ¢[X] proof systems

Throughout this section, we refer to an arbitrarily fixed combinatory syXemd to
the associated analytéxtensionaproof-systenGe[X].

3.1 Overview of the proof

Transitivity elimination for analytic combinatory proof syste@gX] without exten-
sionality is demonstrated in [15] by following the (perhaps most natural) strategy
which consists in showing howtapmostapplication of{z] can be eliminated from a
derivation:

D1 t=s, Dok s=r +— D t=r. )

To prove (), we argue byw3-inductiorf, taking cases according to the possible
combinationsend(®1),end(®3)) of the final inferences ad; and®,.

Such a strategy can be suitably modified to cope with transitivity elimination for
extensionabystemsG¢[X], providedX is linear ([15], sect. 5). But it doesn’t work
any more when the linearity restriction is dropped — nor does it work with analytic
proof systems foll3- and Afn-calculus, see [17]. Indeed, all kinds of inductive
arguments we could reasonably imagine fail, when one considers the cgggeimf (
which

6 Namely, by main induction oh'(D1) +1'(®,), secondary induction os(®D1) + s(D3), and ternary
induction on||s||, whereh'(D) differs fromh(D) by not taking into account the applications[apg.
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— end(®D1) is an[Apg inference whose left premise is either the conclusion of an
[Ex{ inference, or the conclusion of anotH&pp inference whose left premise
is the conclusion of afEx{ inference, or ...

— end(®;) is a leftF-introduction rule andr is non linear,

as well as the symmetric case (see also the explanation in [17], sect. 3).

Luckily enough, a way out is found by taking as a starting point and then exploit-
ing the more elaborate strategy we used in [17] to prove transitivity elimination for
analytic proof systems fokf3- and Apn-calculus. Essentially, the trick is to break
down the symmetry betweef; and®> in (), by proving the following stronger
Main LemmgLemma 3.4.1 below):

DiF t=s, Do @[ =r +— D P[] =r, )

where® is anarbitrary context inHx. Clearly, () (and in turn transitivity elimina-
tion) follows by taking® = x.

Yet the demonstration di#) is far from simple, and is actually much more del-
icate in the case of combinatory logic with extensionality than in the cadgpf
calculus.

We shall argue by main induction a5(D;), taking cases according @ :=
end(D). If the latter is a structural rule, ¢Ex{, additional subinductions dfs|| and
h(D,) are required, together with a clever handling of contexts and, gD 1) is
[Ex{, a careful distinction of many subcases. If inst&id a combinatory rule, here
is what exactly is needed:

o thet-freeadmissibility of a rule ofjeneralized (leftfF-inversion:

OF @Fs1...8:P]=r r— D°F P[de[sy,.... 5P| =1, (4)
¢ and ther-free admissibility of a rule ofeneralized (leftfF-introduction:

DF @fde[st,....SP=r +— D' P[Fsi...5:P]=r. (V)

Also the proof of(A) and, to a lesser extent, that(of), require non trivial efforts, as
we will see in a moment. But the game is worth the candle. For, coming badK to
if end(®1) is [Fr] we may conclude by applying the M.I.H. to the subderivation of the
premise ofF,] and the derivation resulting froM, by generalizedr-inversion And,
if end(®1) is [F], we can first apply the M.I.H. to the subderivation of the premise
of [Fy] and the derivatiorD,, and then conclude by applying the rulegeheralized
F-introduction

Summing up, the entire proof of transitivity elimination articulates in the follow-
ing three main steps, in this order (which is essential)y B2 we prove(a), by
making use of a kind ofmarking (or indexing technique (Lemma 3.2.2). 1§3.3,
by using(a), we prove a weaker form of)) in which D, is assumed to be left
derivation (Lemma 3.3.1), and then use the latter to p(ae Finally, in § 3.4 we
prove the Main Lemm&#) along the lines indicated above.
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3.2 First stepz-free admissibility of generalized inversion rules

Let F be a primitive combinator irX, having indexk and definitiondr underX.
Intuitively, by anF-marked termwe mean nothing but a termin which a num-

ber (possibly zero) of (possibly nested) occurrences of redexes of theFfgrmty

have been marked in some way, so that it makes sense to speak of the (unmarked)
termt® obtained fromt by replacing each marked redex occurrefite . .ty by the
corresponding contractui|ts, . . .,t]. Formally, however, it is convenient to treat
F-marked terms as expressions belonging to th& §eb Tx which is defined by the
grammar

k times
F FTF F F

Capital lettersP,Q, T (possibly with sub- and superscripts) range okemarked
terms, whileP, Q range over finite lists oF-marked terms. Note that whereas every
t € Tx is either an atom or an application termmarked terms partition into atoms
(primitive combinators and variables), application tefAt3 and markedF-redexes
[FT1...T«].

Given aF-marked ternT, we denote byT| theT x-term which is obtained frorf
by replacing every occurrence of the markét@nd ‘|" with * (" and ‘)", respectively.
If |T| =t, we also say thaf is a F-marking of t

Finally, for everyT € T§, the termT? € Ty is defined inductively as follows:

e X:=x and G :=G, forxeV andG e X,
o (PQF:=PiQY,
o [FPi.. A% :=de[Pi.. P,
Lemma 3.2.1 For every TP € T§ and every x V:
(i) V(THCV(T)=V(T]); (i) (Tx/P)F=THx/PY.

Proof By straightforward induction on the constructionTof O

Lemma 3.2.2 LetF be a primitive combinator having index k. Given-#ree deriva-
tion® - t =sand aF-marking T oft, we can find a-free derivation

D Ti=s
which, additionally, is a right derivation provided is a right derivation.

Proof By main induction ors(®©) and secondary induction gjt||. In view of Lemma
2.3.6, we can assume without limitations tigats normal Lemma 3.2.1 will also be
used, often without explicit mention.

We distinguish cases accordingRo= end (D).

» Case ARis|[p’].
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Then eithefT is an atom (s@ = |T| = s), and the conclusion is trivial, &= 0 (i.e.
F has index 0) and is [F]. Thent = s= F andT* = dr. We take

= structural rules

* . dF:dF
o= — .

Note thatleft-handedness is not preserved in this case
» Case BRis aright combinatory rule. Immediate by the M.I.H.

» Case CRis[G|], with G € X.
Let m be the index ofE. Then there ard x-termsty,...,tm, @ and corresponding
F-markingsTy, ..., Tm, Q such that

: D
daltz,....tmlq = s} !

t=Gt;...tng, and ® = G -

Also,

— either T=GT;...TmQ, and soT? = GTf ...Tn’j@Tj ,
—orGisF,m=kand T=[GTy... T]Q, soT: = dg[T},..., THQ'.

In the first case, by the M.I.H. applied to the subderivation w.r. to theF-
markingdg[Ty, ..., Tm]Q of dg|ts, .. . ,tm|0, We get a derivation

;- dg[Tf,..., THT =5,

whence a finalG] inference yields the desired derivati@i - GTlj . .Tﬁ@ﬁ =s
In the second case we proceed as above, butfeke- D7.

» Case DRis [Ext. Then:

tx= sx}gl
D= o E where x¢ V(ts).
From|T| =t we get|Tx = tx. Also, (Tx)* = T, andx ¢ V(T%) by Lemma 3.2.1.
By the M.I.H. applied to the subderivatid®; w.r. to the F-marking T x of tx, we
obtain a derivatior®;] Tfx = sx and in turn, by a final application JEx{, the
conclusion.

» Case ERis[App.
Thent, but possibly nof, is an application term. Hence we distinguish:

e Subcase E.1: there afle-termsts,to and corresponding-markingsTy, T, such
that

7 Main induction hypothesis. S.I.H. = secondary induction hypothesis.
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@1{ : : }2
t=tit,, T=TT, T'=TT), and D= .
12, 112, 1125 tltzzslsg App

The conclusion easily follows by applying the S.I.HAg and®©5.

e Subcase E.2: there afg-termsty, .. .,tx and corresponding-markingsTy, ..., Tg
s.t.

- k>1,t=Fty. b, T=[FT. T, TE=de[TF,..., T,

- and for some (0 <i < Kk):

90{ Ft1...ti=r R tit1 ="rit1 }©i+l

Fty...tya=rriz1

App

: }Qk
tk=rg

D Ftg...tke1=1rrjrq...re1
Fty...tk=rrjp1...1rg

App

wheres=rri.1...rg, andFty...ti = r is the lowermost node in the leftmost branch
of © which is the conclusion of an inferené& different from [App (note that this
node possibly coincides with the left premise of the final inferenc® oprecisely
wheni = k—1).

Now, © is (assumed to be)ormal Therefore, the inferenck is either[p’] or
[Exq.

o E2.1L:Ris[p']. Necessarily =0,r = F, and scs= Fry...r.

Consider then the derivatior®; = tj =r; , 1 <i < k: we haves(9D;) < s(9), but
[ti]] < ||t|| ast = Ft;...tk. So, by applying to th®;’s the S.I.H. w.r. to thé-marking
T; of tj we get derivation®; 'I'ijj =r; for 1 <i <kand in turn, by making use of
Lemma 2.3.1, a derivation

OFF de[T,. . T = defre,..., il

A final application of{F,] yields az-free derivatior®* of dF[Tf, e ,Tkﬁ} =Fry...rg,
i.e. of T® = s, as requested\ote that left-handedness is not preserved in this case.

o E.2.2: Ris [Ext. Then the subderivatio®g looks like
Do

Ftl...tixrx}
Ftp...ti=r

Ext

where theeigenvariable xdoesn'’t occur irty, ... tj,r and (by Remark 2.3.3) can be
assumed not to occur alsoting, .. .tk,rit1,- - -, k-
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Ifi<k—1,let
@/ : ) D
O{ Fti...tix=rX ti+2:ri+2} 2
Fty...tiXti,o = IXTiso App
. .}m
Fty.. . tiXtio.. .tk g =IXr42... k1 tk =rk

¢ .= ApD-
Ft...tiXti2.. .tk =rXrito...rg PP

Otherwise (= k—1) let€ := Dy,

Since an application dExt] has been removed, we has®) < s(D). So we may ap-

ply to € the M.I.H. with respect to thE-marking[FT; ... TixTi+2... T] of Fty.. . tixt12. . . t,
to get a derivation

¢ dF[Tlﬁ,...,'I'iﬁ,x,'l'iﬂz,...,Tif] =TIXI42...Tk.

On the other side, sinciti1|| < [t||, we can apply the S.I.H. t®;,; w.r. to the
markingT; 1 of tj, 1, to get a derivation

D Tlil = lis1.
Finally, by parallel substitution(Lemma 2.3.1) applied t¢* and®;, ; we get the
desired derivatio®* dF[Tlﬁ, ... ,Tkﬁ] =TITiy1...Ik

It is easy to check that, in all cases, the transformafior> ©* preservegight-
handedness

The key result of this section is now an immediate consequence of the above
Lemma.

Lemma 3.2.3 ¢-free admissibility of generalizedF-inversion rules) For everyF
X and every contex® < Hy, the following inference rules are admissibleGy [X]:

P[Fty.. 'thp]] =S s= @[Ft;.. .thT)]] .
Ddrlty. ..t Jp[ =" 5= ®[deftr,... .t ] 7

Moreover,[Fi"V] preserves right-handedness difiéfV] preserves left-handedness.

Proof Given at-free (right) derivation® = &@[[Ft; ...t p]] = s of the premise of
[FI"'], we obtain a-free (right) derivatior®* of the conclusiomP[[drty, . ..tk |P] =
sof [F{"V] by applying Lemma 3.2.2 t® w.r. to theF-marking

D[[Fty...t. |p] of theterm &[Ft;.. .t P[],
since by Lemma 3.2.1
(P[[Fta-. b 1P])* = PCe[ts, - .t ]P] -

In turn, the admissibility of F"V] follows from that of [F"V] by making use of the
transformatior® — D. O
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3.3 Second stepx-free admissibility of generalized introduction rules
Lemma 3.3.1 (Left elimination) To any given pair
D t=s and Do s=r

of t-free derivationssuch thatD; is a left derivationwe can effectively associate a
t-free derivation

D t=r
which, moreover, is &ft derivation provided that als®- is aleft derivation.

Proof By main induction ors(®;), secondary induction os(®©1) and ternary in-
duction on the depth of the ‘cut-term[g|.

LetR :=end(Dj), i = 1,2. As®D; is, by assumption, keft derivation, it is easily
seen that the following is an exhaustive list of the cases to be considered:

Case A: eitheRy or Ry is [p’];

Case B: Ry is[G] or Ry is [G;], for someG € X;
Case C: Ry is [App andR; is [App;

Case D: eitheR; or Ry is [Ex{;

Case E: Ryis|[G], for someG € X.

Now, Case A is trivial, while B is easily dealt with by the M.1.H. (in cdgis [G(])
or the S.I.H. (in cas&; is [G]). As for C, apply the ternary I.H. two times. Let us
discuss in detail the remaining two cases.

» CaseD.
SupposeR; is [Ex{]. Then

}%
tX=s
o =S

t—s Ext,

wherex doesn’t occur int,sand (by Remark 2.3.3) can also be assumed not to occur
in r. Consider the derivation

Dpq
;L s=r X=X
@2: —
SX=TIX

App-

We haves(D)) = s(D3), while s(D}) < s(D1). So we can apply the S.I.H. ©1
and®5, to get ar-free derivation

¢CF tx=rx.

A final application of[Ext] yields the desire®* -t =r.
If Ry is [Ex{ we reason symmetrically (of course, in this case the M.I.H. is applied).



A solution to Curry and Hindley’s problem 17

» CaseE.
Then, for somé& € X with m=mg, and some terms ... s, p, we haves=Gs; ... P,

. @,
dc[Sa,---ﬁn]D:r} §

GS1...Snp=T G

D1

' and D=
t=Gs;...5np 2
By applying to the conclusion @D, (w.r. to the context) the admissible ruI@:‘r”V]
of Lemma 3.2.3, we get &freeleft derivation

@& F_t=dg[st,...,Sm|P.

Notice that possiblg (D)) > s(D1)! However, sinces(D5) < s(Dz), we can apply
the M.I.H. to®) and®’, to get a derivatio®* - t =r.

By inspecting the whole proof it is easily verified tit is, in all cases, &ft deriva-
tion provided®-, is such. a

We can now prove:

Lemma 3.3.2 ¢-free admissibility of generalizedF-introduction rules) For every
F € X and every contextb € Hy, the following inference rules are admissible in
G; [X]:

¢[[dF[tla cee 7tkp}7p]] =S S= (p[[dF[tlv [ ,th]b}]
®[Fty.. tpl=s "’ s=d[Ft.. .t p]

Proof Suppose we are givenafree derivatior® - ®@[[de[ty, ...t |p] =s.
By applying Lemma 2.3.1 to the-freeleft derivations

= structural rules

structural rules dF [tla . ,th]p — dF [tla . ,th]b

O ep=el) M T TR tep=di bl

Fi s

wherex ¢ V(P), we get ar-freeleft derivation
EH D[Fty.. .t P = P[dr[ta,... , ti] D]
Thus, by Lemma 3.3.1 applied hand®, we get ar-free derivation
D P[Fty...t.P] =s.

This proves the claim aboU;"] and in turn, by making use of the transformation
D — D, the claim aboufF;"]. |

Although this fact will not be needed later on, notice ] preserves left-handedness
and[F;'] preserves right-handedness.
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3.4 Final step: main elimination lemma
We are now in a position to prove:
Lemma 3.4.1 (Main elimination lemma)Given twor-free derivations
D1 t=s and Dk @[ =r
we can find ac-free derivation
D Pt =r.

Proof By main induction ors(®1), secondary induction offs|| and ternary induc-
tion onh(D3), taking cases according Ry := end(D1).

» Case ARjis|p’]. Thent = s, and we také&®* := D5.

» CaseBRyis[Apd. Thent =tity, s= 515, and

!/ @//
1{t1251 tzzsz} !

D=
bt =51

App-

Let ¥ := @[ (s1%)], so that¥P[sp]] = P[s] andD, = P[sp] =r. Sinces(D]) <
s(D1) and||s|| < ||s]|, we can apply the S.I.H. t® and®3, giving a derivation:

D3t P[] =, ie. D3 P[sita] =

Now, let ® := ®[[(xt2)]], so thatO@[si] = @[sitz] and D3 = O[s1]] =r. Since
s(D]) < s(D1) and|s1|| < ||s||, we can apply again the S.I.H., this time®§ and
D3, and get

D O] =, ie. D Pt =r.

» Case CRyis[F], for someF € X. Thent = Ft; ...t P, and®; has the form

Y :
1{dF[tlv“'ath]p_ S
Fti...t,.P=s

F, Wheres(D}) <s(D1).

Using theG; [X]-admissiblegeneralized introductionule [F,"] of Lemma 3.3.2, we
set:

Qll{ delty, ... ,.th]TO =s @[[s]j =r }92
o = @[delty,... 1 JP] =T
B O[Fty...tP] =T R

M.I.H.
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» Case D:R; is [Fy], for someF € X. Thens=Fs;...5.0q, and®; has the
form

D/ :
{ioas s
t=Fs;...50

F, Wheres(D}) <s(D1).

Using theG; [X]-admissiblegeneralized inversiorule [F"'] of Lemma 3.2.3, we set:

B[Fsi... 5T =1 }QZ

, :
l{ _ Finv
) t=dr[sy,..., 50 ®[de[sy,..., S Jq] =1
D= M.I.H
Pt] =r
» Case ERyis[Ext. Then
: o
tx=sxJ ! .
D= e B where x¢ V (ts) ands(D7) < s(D1).

Without limitations,x ¢ V(r) as well ax ¢ V (D).
We have now to look &R, := end(®>), and distinguish the corresponding subcases.

e Subcase E.1Ryis [p’].

Excluding the trivial case o having no holes, we necessarily have tibat * , and
s=reVUuUX. We set:

D tx = rx

e Subcase E.2R; is [App.

If @ has no holes o® = *, we proceed as in subcase E.1 above.
Otherwise, there are conteXtg, ¥ s.t. @ = V¥, (9] = Wi []¥.[s], r = rarz for
somery,ry, and:

ol R
0,= {%Hsﬂflusiiug[[sn f@er} ap: Wheren(D5), h(D4) <h(D).
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Then, the ternary |.H. can be applied:

z)1{t='s wlusﬂzrl}% @1{t%s %[{sﬂ=rz}©5
T.I.H. T.I.H.

Hftf=ra W] =r,
[ = rar2 hoer

e Subcase E.3Ry is [F], for someF € X.

We haver = Fry...r.gand

D=

D! :
2{ P[s] = de[ry,..-,r]d .
D[s] =Fry...req '
Again, the ternary I.H. can be applied® and®5:

Do =

gl{t:'s @[[S]]ZdF[.rl,n-,rkF]q}@/z

Pt] =dr[ra,....N]d
Dt] =Fry...1eq

TI.H
DF =

Fr

e Subcase E.4R; is [Ex{.
Then

@/
Do = Z{Q(Dii][]s]zzr— rz Ext, Where zZ V(®[s],r) andh(D%) < h(D3).

We apply the ternary I.H. t®; and®’ w.r. to the contextV = &x; that is (safely
assuming ¢ V(®[t]])), we set:

i’1{t=5s <<busn;z=rz}@'2

(P[t])z=rz
oft] =r

e Subcase E.5R; is [F], for someF € X.

Then, for some termg; ...gn, @[] = Fad . ..an, where 0< k= ke < n; further,

T.I.H.
@* -

Ext

i) { :
§ O (G, OOiesa - O =T
Fgi...gn=r
Now, excluding the trivial case ob without holes, it easily follows fromP[s] =
Fai ... dn that only the following three cases are possible as to the ford: of

Dy = s whereh(D5) < h(D3).
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o ES51: =% ands=Fqp...0n. We proceed exactly as in subcase E.1.
o E.5.2: @ =FO,...0,for some context®,...,0,, andqg = 6;[s] for1<1<n.
Then®[it] = F(O4[tt]) ... (Gn[t])). Consider the context
Y :=de[O1,...,0(0Ok:1...0n, sothatDsb- Y[g) =r. (3.1)
By the ternary I.H. applied t®1 and®’, w.r. to the context¥ we get a derivation
D3 W[t]=r, ie D3 de[(Ot]),. .-, (B[t (Osallt]) - (@nt]) ,

whence a final application dF,] yields the desired* -~ F(O4[t]))... (Gu[t]) =r.
And now the most complicated of the three cases:

o E.5.3: & =% Opy1...0, for someBpy1,...,0, (0<m<n), and s=Fq;...qm.
For1<i<m,let & :=q, so thatyvacuously
Gff=06tj=ag (1<i<m). 3.2)

Let also the contex¥ be defined as in (3.1) above. Then

Fap...0n = P[] = S(Omya[s]) .- (On[s]) = Fa... dm(Omya[s]) - (On[s]) -
So also, in view of (3.2):
w=019, ..., =6x[s], and D)+ ¥[s]=r (cf. (3.1)),

while
P[t] = t(Oma[t]) - - (Gnt])- 33)

Thus we proceed as follows. First of all, exactly as in E.5.2, we apply the ternary I.H.
to ©1 and®’, w.r. to ¥, followed by a final application off], and get a derivation
(now callede):

¢ F(O1[t])... (On[t]) =T, i.e, by (3.2) € S(Omua[t]) ... (Gn[t]) =r. (3.4)
Thus, letd’ := % (Om2[t]) ... (Gn[t]) (observe that possiblg’ = «). By (3.4):
¢t O [s(Omuft]] =r- (3.5)

On the other side, by applying Lemma 2.3.28p " tx = sxand the term®my, 1[t]
(which exists, becausa < n!) we get a derivation

DY (On[t]) = S(@nft]),  with 5(D7) < s(D}) < s(Da).

A final application of the M.I.H. td®] and & (cf. (3.5)) w.r. to the contex®’ thus
yields the desired derivation

D D t(Omeat])] =r, ie,by3.3 DF @t]=r.
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Theorem 3.4.2 ¢-elimination for G ¢[X]) EveryG¢[X]-derivation
DFt=s
can (effectively) be transformed intorefree Ge[X]-derivation
D' t=s.

Proof By induction on the number of occurrences of r{#gin ©, using theMain
Elimination Lemma.4.1 withd® = « to eliminate a topmost occurrence[of. O

Remark 3.4.3The proof systent, [C] is obtained fronGe[C] by replacing the ex-
tensionality rule[Ex{ with the rule[&], see sect. 1. Clearly, these two systems are
equivalent. Now, as a consequence of the above Theorem 3.4.2 together with Fact
6.1 of [15], we may conclude —indirectly — thatalso G¢[C] admits transitivity
elimination

4 Solution of Curry and Hindley’s problem

Let us finally come to our solution of Curry and Hindley’s problem, asking for a con-
fluence proof otombinatory strong reduction which is independent of-calculus.

Henceforth, terms are applicative combinations of variables and the three basic
combinatord, K, S. Strong reduction- between terms has already been defined in
sect. 1. We just recall that, for every tetrand variablex, the termA*x.t is inductively
defined as follows:

I, ift=x,
wwe. )t if t =t'xwith x¢V(t'),
AXE=9 ki, if X ¢V (1);

S(A*t1)(A*.t2), if t =tit2 and the two previous cases do not apply.

C¢[C] (= CLex) is the standard synthetic proof system for full extensional combi-
natory logic, andSe[C] is the corresponding analytic proof system — see Example
2.2.4. As usual, we write=cg, sshort forCe[C] -t =s.

Lemma 4.1 (Common- -reduct extraction) From any givert-freeG¢[C]-derivation
D t=s

we can effectively extract a terng rsuch that
t>-rp<s.

Proof By straightforward induction on(®), taking cases according R:= end(D).
If Ris an instance ofp’], sayt =t, we takerp :=t. If Ris a combinatory rule and
D is the subderivation of the premise, we can teke=ryp,, as

SpP1P2ps0>-Os[pP1, P2, P3]d = p1P3(P2p3)d, and similarly fork andl.
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If Ris [Apg and®1,D; are the subderivations of the left and right premise, we can
clearly takerp :=ryp,ro,. Finally, if Ris [Ext],

1{
txX= .
CD # Ext W|th X¢ V(ts),

and by the I.H.tx>rg, <sx Then, by the&-rule for >,
t = AXIX>- AXrp, <AX.SX=S,
and we can takep ;= A"X.Ip,. O

Now, the promised solution:

Theorem 4.2 (Church-Rosser property for strong reduction —direct proof)

t=gyS = 3Ir(t>rxs).

Proof Assumet =, s. Then, by Proposition 2.2.6, there isza[C]-derivation® +
t = s. Hence, bytransitivity elimination(Theorem 3.4.2), there is &free G¢[C]-
derivation

D t=s.

The conclusiort > ro+ <s now follows by applying thextractionLemma 4.1. 0O

It is evident, by simple inspection of the above proof as well as of the proofs of
all the results therein employed, that detourhas been made through-calculus
Also, it goes without saying thatutatis mutandighe same proof does work in case
I is not taken as a primitive combinator, but defined as SKK.

Final remark 4.3 Just for the sake of completeness, we would like to conclude with
a sketch of Curry’sndirect proof of CR(>-). Let

O Taksy — A and  (nu:A —Tpks)

be the standard translations of combinatory terms interms, and conversely (see
e.g. [9], sect. 9B). These satisfy, as it is easily verified, the three properties:

(P1) forteTyuwsy:  (t)n =t,
(P2) fort,se A: t—pys= th>,
(P3) fort,se Ty ks t=cpnS = tL =py 1,

where — g, and =g, areAfn-reduction, respifin-convertibility.

Assuming =g, s, we have;, =g, s; by (P3), sdoy the Church-Rosser Theorem
for ABn-reductionthere is a € A such that; —g, r ands; —g, r. By using (P2)
and (P1), we conclude-ry <s.
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